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1 Three main spinor bases of A4 geometry

The geometry of absolute parallelism, as laid down in vector basis, enables the structural
equations of this geometry of be represented as right (invariant with respect to the T+

4 and
SO+(3.1)) groups and left (invariant with respect to the T−

4 and the SO−(3.1) groups)
groups of the structural equations (A+), (B+) and (A−) and (B−), respectively. Equations
(A+), (B+) (or (A−), (B−)) can, in turn, be split by a transition into a group of equations,
whose component �elds have opposite spins. For this purpose, we have to use spinor basis
and some elements of spinor analysis.

We will view the spinor geometry A4 as a di�erentiable manifold X4, such that at
each point M with the translational coordinates x (i = 0, 1, 2, 3) a two-dimensional spinor
space C2 is introduced [1]. There are three possibilities for introducing the spinor basis in
the spinor space C2:
(a) spinor Γ-basis formed by the Infeld-Van der Werden symbols σi

αβ̇
[2], which satisfy

the equality
∇nσ

i
αβ̇

= 0; (1)

(b) spinor ∆-basis formed by the Newman-Penrose symbols σi
AḂ

[3], which satisfy the
equality

∗
∇n σi

AḂ
= 0; (2)

(c) spinor dyad basis ξα
B, which satis�es the equality [4]

εBDξαD∇kξ
α
B = 0. (3)

In relationships (1)�(3) the indices α, β̇, . . . and A, Ḃ, . . . are spinor indices that take
on the values 0,1 and 0̇, 1̇. Any local vector Ai that belongs to C2 can be represented as
a spin-tensor of the second rank either in the spinor Γ- basis

Ai = Aαβ̇σi
αβ̇

, (4)

or in the spinor ∆-basis
Ai = AAḂσi

AḂ
. (5)

All the spin-tensors associated with the Γ-basis will have the spinor indices α, β̇, . . .,
and the spin-tensors associated with ∆ basis will have spinor indices A, Ḃ, . . .. As to dyad
ξα
B, it is a connection between Γ- and ∆-basis

σi
AḂ

= σi
αβ̇

ξα
Aξ

β̇

B. (6)
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Here
ξ

β̇

B = ξβ
B,

and the bar on the right-hand side of the equality implies complex conjugation.
Spinor ∆-basis is connected with the vector basis ea

i by

σi
AḂ

= ei
aσ

a
AḂ

, (7)

σAḂ
i = ea

i σ
AḂ
a , (8)

where σ AḂ
i are complex Hermitian (σ AḂ

i = σ ȦB
i ) matriñes, and the matrices σa

AḂ
and

σ AḂ
a have the form

σa
AḂ

= (2)−1/2


1 0 0 1
0 1 1 0
0 i −i 0
1 0 0 −1

 , (9)

σAḂ
a = (2)−1/2


1 0 0 1
0 1 −i 0
0 1 i 0
1 0 0 −1

 , (10)

where
det(σa

AḂ
) = i, det(σAḂ

a ) = −i.

From the orthogonality conditions for the tetrad ei
a

ea
ie

j
a = δ j

i , ea
ie

i
b = δa

b (11)

and the relationships (7)�(10) follows the orthogonality conditions for the spinor ∆-basis

σAḂ
i σj

AḂ
= δ j

i , (12)

σAḂ
i σi

CĖ
= δA

CδḂ
Ė. (13)

For the spinor Γ-basis the following orthogonality conditions hold [17]

σαβ̇
i σj

αβ̇
= δ j

i , (14)

σαβ̇
i σi

ρν̇ = δα
ρδ

β̇
ν̇ . (15)

Whence, by (6) and (12)-(13), follow the orthogonality conditions for the spinor dyad

ξo
αξα

1 = 1,
ξα
o ξo

α = −ξo
αξα

o = 0,
ξα
1 ξ1

α = 0.
(16)

In addition, there are the relationships [17]

ξo
αξβ

o − ξ1
αξβ

o = δβ
α,

ξo
αξ1

β − ξ1
αξo

β = εαβ,
(17)
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where

εαβ = εαβ = εγ̇δ̇ = εγ̇δ̇ =

(
0 1
−1 0

)
(18)

is the fundamental spinor [3] that obeys the following relationships:

εαβεκβ = εκ
α = −εκ

α, (19)

εαβεκπ = δκ
αδπ

β − δπ
αδκ

β , (20)

εα
α = 2, (21)

εα[βεκδ] = 0, (22)

εβ
α =

(
1 0
0 1

)
. (23)

The fundamental spinor εαβ increases and decreases the indices on the spin-tensor
associated with the Γ-basis, similar to the metric tensor gik in the vector basis. In the
spinor ∆-basis it has the form

εAB = εαβξα
Aξβ

B, (24)

so that

εAB = εAB = εĊḊ = εĊḊ =

(
0 1
−1 0

)
. (25)

The fundamental spinor εAB increases and decreases indices on the spin-tensors asso-
ciated with the ∆-basis. For example, we have

χ...A...
... ... εAB = χ... ...

...B..., εABχ... ...
...B... = χ...A...

... ... ,

ϕ...Ȧ...
... ... εȦḂ = ϕ... ...

...Ḃ...
εȦḂϕ... ...

...Ḃ...
= ϕ...Ȧ...

... ... .
(26)

If the spinor is skew-symmetric in two indices

θ...A...B... = −θ...B...A..., (27)

then, using the fundamental spinor εAB, it can be represented as [3]

θ...A...B... =
1

2
εABθ... ...C...

...C... . (28)

The same properties are valid in the spinor Γ-basis for the fundamental spinor εαβ.
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2 Spinor representation of the structural Cartan equa-

tions of A4 geometry

The relationship (28) makes it possible to reduce spinors skew-symmetric in primed
and unprimed indices to spinors that are completely (or partially) symmetrical in primed
and anprimed indices. In the space of spinors of this type irreducible representations of
the groups SL(2.C) are realized [5]. This group replaces the group SO(3.1) on passing
over to the spinor basis.

De�nition 6.1. We will say that the components of a spinor with r symmetrical
lower indices and with s symmetrical lower primed indices are transformed in D(r/2, s/2)
irreducible representation of the group SL(2.C).

For example, the spinor
FAB = FBA

is transformed in D(1.0), and the spinor

FĊḊ = FḊĊ

in the D(0.1) irreducible representation of the group SL(2.C).
We will write the main relationships of the A4 geometry in the spinor ∆-basis. This

can be accomplished using the spinor representation of the arbitrary tensor T ...i... ...
... ...j... in the

∆-basis
T ...AḂ... ...

... ...CĖ...
= σAḂ

i T ...i... ...
... ...j...σ

j

CĖ
(29)

or simply replacing the matrix indices by two spinor ones as follows:

ea
i ↔ σAḂ

i , (30)

T a
bm ↔ TAḂ

CḊm, (31)

Ra
bkm ↔ RAḂ

CḊkm, (32)

ηab ↔ ηAḂCḊ = εACεḂḊ, (33)

and so on.

Proposition 6.1. In the spinor ∆-basiså the metric tensor gij of the A4 geometry
has the form

gij = εACεḂḊσAḂ
i σCḊ

j . (34)

Proof. Substituting into
gij = ηabe

a
ie

b
j

the relationships (7) and (8) written as

ea
i = σAḂ

i σa
AḂ, eb

j = σCḊ
jσ

b
CḊ, (35)

we have
gij = ηabσ

AḂ
i σa

AḂ
σCḊ

j σb
CḊ

. (36)

From the relationships (9), (10), (25) and the de�nition

ηab = ηab = diag(1 − 1 − 1 − 1),
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we obtain the following equality:

ηabσ
a
AḂ

σb
CḊ

= εACεḂḊ.

Substituting this into (36), we arrive at the formula (34).
We now write the structural Cartan equations in matrix form

∇[ke
a
m] − eb

[kT
a
|b|m] = 0, (A)

Ra
bkm + 2∇[kT

a
|b|m] + 2T a

c[kT
c
|b|m] = 0. (B)

Using the rules (30)-(32), we write these equations in the spinor ∆-basis

∇[kσ
AḂ
m] − σCḊ

[k TAḂ
|CḊ|m]

= 0, (37)

RAḂ
CḊkm + 2∇[kT

AḂ
|CḊ|m] + 2TAḂ

EḞ [kT
EḞ

|CḊ|m] = 0. (38)

Consequently, the second Bianchi identity of the A4 geometry

∇[nR
a
|b|km] + Rc

b[kmT a
|c|n] − T c

b[nR
a
|c|km] = 0 (D)

in the spinor ∆-basis becomes

∇[nR
AḂ
|CḊ|km]

+ REḞ
CḊ[km

TAḂ
|CḊ|n]

− TEḞ
CḊ[n

RAĖ
|EḞ |km]

= 0. (39)

Proposition 6.2. If Fij = −Fji is a real skew-symmetrical tensor, then the
corresponding spinor

FAḂCḊ = Fijσ
i
AḂ

σj

CḊ
(40)

can be represented in the form

FAḂCḊ =
1

2
(εḂḊFAC + εACF ḂḊ), (41)

where the spinor
FAC = FCA (42)

is transformed in the D(1.0) irreducible representation of the group SL(2.C), and the
spinor

FBD = FḂḊ = FḊḂ (43)

in the D(0.1) irreducible representation of the same group.
Proof. Since the tensor Fij is skew-symmetric, we have, by (40),

FAḂCḊ = −FCḊAḂ. (44)

We rewrite this as

FAḂCḊ =
1

2
(FAḂCḊ − FCḊAḂ =

1

2
(FAḂCḊ − FCḊAḂ + FCḊAḂ −

−FCḊAḂ). (45)
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Using the fundamental spinor (25), we can write (45) as follows:

FAḂCḊ =
1

2
(εACFFḂ

F
Ḋ + εḂḊFAĖC

Ė). (46)

Denoting FAC = (1/2)FAĖC
Ė, we have, by (44),

FAC =
1

2
FAĖC

Ė = −1

2
FA

Ė
CĖ = FCA. (47)

Further, introducing the notation F ḂḊ = 1
2
FFḂ

F
Ḋ and considering that Fij is real, we

�nd

F ḂḊ =
1

2
FFḂ

F
Ḋ =

1

2
F ḞB

Ḟ
D = FBD. (48)

Substituting the relationships (47) and (48) into (46), we arrive at (44). By de�nition,
the spinor FAC = FCA belongs to the D(1.0) irreducible representation of the groups
SL(2.C); and spinor F ḂḊ = F ḊḂ � to the D(0.1) irreducible representation of the group.

Since the quantities TAḂCḊm and RAḂCḊkn in the equations (37) and (38) are skew-
symmetric in the pair of spinor matrix indices AḂ and CḊ, we can represent them, by
(27)�(28), as

TAḂCḊk =
1

2
(εḂḊTACk + εACT+

ḂḊk
), (49)

RAḂCḊkn =
1

2
(εḂḊRACkn + εACR+

ḂḊkn
), (50)

where

TACk =
1

2
εḂḊTAḂCḊk, T+

ḂḊk
=

1

2
εACTAḂCḊk, (51)

RACkn =
1

2
εḂḊRAḂCḊkn, R+

ḂḊkn
=

1

2
εACRAḂCḊkn. (52)

In these relationships the + sign with the spinor matrices implies Hermitian conjuga-
tion.

3 Splitting of structural Cartan equations into

irreducible representations of the group SL(2.C)

Matrices (51) and (52) can be transformed in the spinor indices as follows:

TA′

C′k = SA′

A TA
CkS

C
C′ + SA′

A SA
C′,k, (53)

T+Ḃ′

Ḋ′k
= S+Ḃ′

Ḃ
T+Ḃ

Ḋk
S+Ḋ

Ḋ′ + S+Ḃ′

Ḃ
SḂ

Ḋ′,k, (54)

RA′
C′kn = SA′

A RA
CknS

C
C′ , (55)

R+Ḃ′

Ḋ′kn = S+Ḃ′

Ḃ
R+Ḃ

ḊknS
+Ḋ
Ḋ′ . (56)

Matrices of the transformations SA′
A and S+B

Ḃ
form the group SL(2.C), and the matrices

SA′

A (57)
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form the subgroup
SL+(2.C) (58)

of the group SL(2.C), in which the spinors belonging to the irreducible representation
D(r/2, 0) are transformed.

On the other hand, the matries
S+Ḃ′

Ḃ (59)

form the subgroup
SL−(2.C) (60)

of the group SL(2.C), in which the spinors belonging to the irreducible representation
D(0, s/2) are transformed. These properties of the spinors enable the structural Car-
tan equations to be split into equations that contain spinors transformed in D(r/2, 0) or
D(0, s/2) irreducible representations of the group SL(2.C).

Proposition 6.3. The second structural Cartan equations (B) in the spinor ∆-
basis are split into the equations of the form

RACkn + 2∇[kT|AC|n] + 2TAE[kT
E
|C|n] = 0, (61)

R+
ḂḊkn

+ 2∇[kT
+
|ḂḊ|n]

+ 2T+
ḂḞ [k

T+Ḟ
|Ḋ|n]

= 0. (62)

Proof. We write the second structural Cartan equations (38) as

BAḂCḊkn = RAḂCḊkm + 2∇[kT|AḂCḊ|m] + 2TAḂEḞ [kT
EḞ
|CḊ|m]

= 0. (63)

Using the fact that the spinor BAḂCḊkn is skew-symmetric in the pair of spinor indices
AḂ and ĊD, we will write it in the form

BAḂCḊkn =
1

2
(εḂḊBACkn + εACB+

ḂḊkn
) = 0, (64)

where

BACkn =
1

2
εḂḊBAḂCḊkn = 0, (65)

B+
ḂḊkn

=
1

2
εACBAḂCḊkn = 0. (66)

Substituting (61) into the equations (65) and (66) and using the matrices (51) and (52),
we will arrive at the structural equations (61) and (62) in split form. In the derivation
we have used the properties (19)-(23) of the fundamental spinor εAB.

Proposition 6.4. Matrices TACk and T+
ḂḊk

in the dyad basis ξαC have the following
form:

TACk = ξαC∇kξ
α
A = TACk, (67)

T+
ḂḊk

= ξα̇Ḋ∇kξ
α̇

Ḃ = T+
ḂḊk

. (68)

Proof. We write the matrices
Tabk = ei

b∇keai

in the spinor basis, using the rules (30) and (31)

TAḂCḊk = σi
CḊ
∇kσAḂi. (69)

7



Substituting this expression into the �rst one of (51) gives

TACk =
1

2
εḂḊσi

CḊ
∇kσAḂi. (70)

Using the formula (6), we write σAḂi as

σAḂi = σαβ̇iξ
α
Aξ

β̇

Ḃ. (71)

Substituting (71) into (70), we have

TACk =
1

2
εḂḊσi

CḊ
∇k(σαβ̇iξ

α
Aξ

β̇

Ḃ) =
1

2
εḂḊσi

CḊ
σαβ̇i∇k(ξ

α
Aξ

β̇

Ḃ), (72)

since ∇k(σαβ̇i) = 0.
Further, considering that

σi
CḊ

σαβ̇i = σνγ̇
iξν

Cξ
γ̇

Ḋσαβ̇i =

= δναδγ̇β̇ξν
Cξ

γ̇

Ḋ = ξCαξḊβ̇,

we will write (72) as

TACk =
1

2
εḂḊξCαξḊβ̇(ξ

β̇

Ḃ∇kξ
α
A + ξα

A∇kξ
β̇

Ḃ). (73)

In the dyad basis we have the equalities

εḂḊ = ξḊβ̇ξ
β̇

Ḃ, εḂḊξḊβ̇∇kξ
β̇

Ḃ = 0,

which are conjugates of (3) and (24). Using these equalities, we can easily obtain (67).
Similarly, for the conjugate matrix T+

ḂḊk, we have (68).

Proposition 6.5. In the spinor ∆-basis the �rst structural Cartan equations (A)
of the A4 geometry have the form

∇[kσ
i]

CḊ
− T[k|CEσE

Ḋ
|i] − σ

[i

|CḞ |T
+
k]Ḋ

Ḟ = 0 (74)

or, dropping the matrix indices,

∇[kσ
i] − T[kσ

i] − σ[iT+
k] = 0. (75)

Proof. Let us take the derivative ∇kσ
i
CḊ

:

∇kσ
i
CḊ

= ∇k(σ
i
αβ̇

ξα
Cξ

β̇

Ḋ) = σi
αβ̇

(ξ
β̇

Ḋ∇kξ
α
C + ξα

C∇kξ
β̇

Ḋ).

Using (67) and (68), we will write this relationship as

∇kσ
i
CḊ

= σi
αβ̇

(TCEkξ
αEξ

β̇

Ḋ + T+
ḊḞ k

ξα
Cξ

β̇Ḟ
). (76)

Here we have used the normalization conditions

ξαEξαE = 1, ξβ̇Ḟ ξ
β̇Ḟ

= 1.
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Multiplying the terms on the right-hand side (76) we obtain, from (71),

∇kσ
i
CḊ
− TCEkσ

iE
Ḋ
− σiḞ

C T+
ḊḞ k

= 0 (77)

or
∇kσ

i
CḊ
− TkCEσEi

Ḋ
− σi

CḞ
T+Ḟ

kḊ
. (78)

Alternating this relationship in the indices k and i, we obtain the equations (74).

Proposition 6.6. The second Bianchi (D) identities of the A4 geometry in the
spinor ∆-basis are split into the following equations:

∇n
∗
RACkn −

∗
RECkn TE

A
n+

∗
REAkn TE

C
n = 0, (79)

∇n
∗
R

+
ḂḊkn

−
∗
R

+
Ḟ Ḋkn

T+Ḟ n
Ḃ

+
∗
R

+
Ḟ Ḃkn

T+Ḟ n
Ḋ

= 0. (80)

Proof. Increasing and decreasing, using the metric tensors ηab and gik, the tensor indices
in the identities (150), we will write them in the form

∇n
∗
Rabkn −

∗
Rcbkn T c

a
n+

∗
Rackn T c

b
n = 0. (81)

In this equality we now pass over to the spinor indices using (31) and (32) go get

∇n
∗
RAḂCḊkn −

∗
REḞCḊkn T ĖF

AḂ
n+

∗
REḞAḂkn T ĖF

CḊ
n = 0. (82)

We now write this relationship in the form

Dn
AḂCḊkn

= 0, (83)

where by Dn
AḂCḊkn

we have denoted all the terms on the left-hand side of (82). Since the

relationship (83) are skew-symmetrical in the pair of indices AḂ and CḊ, we will write
it in the form

Dn
AḂCḊkn

=
1

2
(εḂḊDn

ACkn + εACD+n
ḂḊkn) = 0, (84)

where

Dn
ACkn =

1

2
εḂḊDn

AḂCḊkn
= 0, D+n

ḂḊkn
=

1

2
εACDn

AḂCḊkn
= 0.

Substituting here (82), we will get (79) and (80).
Physically, the spinor splitting of the structural Cartan equations (A) and (B) implies

splitting into the equations of �matter � and �skew-symmetry�, just as it has been done by
Dirac in his derivation of equations for the electron and the positron. We can now write
equations that are transformed in the groups SL+(2.C) as

∇[kσ
i]

CḊ
− T[k|CEσE

Ḋ
|i] − σ[i

|CḞ |T
+
k]Ḋ

Ḟ = 0, (As)

RACkn + 2∇[kT|AC|n] + 2TAE[kT
E
|C|n] = 0, (Bs+)

and in the group SL−(2.C) as

∇[kσ
i]

CḊ − T[k|CEσE
Ḋ
|i] − σ[i

|CḞ |T
+
k]Ḋ

Ḟ = 0, (As)
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R+
ḂḊkn

+ 2∇[kT
+
|ḂḊ|n]

+ 2T+
ḂḞ [k

T+Ḟ
|Ḋ|n]

= 0. (Bs−)

In the numerations of these formulas s implies transformation in a spinor group. Drop-
ping the matrix indices, we will write these relationships as

∇[kσ
i] − T[kσ

i] − σ[iT+
k] = 0, (As)

Rkn + 2∇[kTn] − [Tk, Tn] = 0, (Bs+)

∇[kσ
i] − T[kσ

i] − σ[iT+
k] = 0, (As)

R+
kn + 2∇[kT

+
n] − [T+

k , T+
n ] = 0. (Bs−)

Correspondingly, discarding the matrix indices in the equations (79) and (80), we obtain

∇n
∗
Rkn +[

∗
Rkn, T

n] = 0, (Ds+)

∇n
∗
R

+
kn + [

∗
R

+
kn, T

+n] = 0. (Ds−)

4 Carmeli matrices

Equalities (67) and (68) can be written in matrix form

Tk = ξ∇kξ, (85)

T+
k = ξ+∇kξ

+, (86)

where Tk and ξ are 2 × 2 complex matrices with elements TA
Bk and ξa

A, respectively.
Multiplying Tk by σk

AḂ, we can introduce the traceless Carmeli 2× 2 matrices [7]-[9]

TAḂ = σk
AḂ

Tk, (87)

A, C . . . = 0, 1, Ḃ, Ḋ . . . = 0̇, 1̇

with the components

T00̇ =

(
ε −κ
π −ε

)
, T01̇ =

(
β −σ
µ −β

)
,

T10̇ =

(
α −ρ
λ −α

)
, T11̇ =

(
γ −τ
ν −γ

)
.

(88)

Using matrices (87), we can de�ne the matrix elements

(TAḂ)C
D =

CD

AḂ 00 01 10 11
00̇ ε −κ π −ε
01̇ β −σ µ −β
10̇ α −ρ λ −α
11̇ γ −τ ν −γ

, (89)
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where (TAḂ)C
D is the CD element of the matrices TAḂ. Consequently, the complex

conjugate matrices T+
ȦB are

(T+
ȦB

)Ḋ
Ċ =

ĊḊ

ȦB 0̇0̇ 0̇1̇ 1̇0̇ 1̇1̇
0̇0 ε −κ π −ε
0̇1 β −σ µ −β
1̇0 α −ρ λ −α
1̇1 γ −τ ν −γ

. (90)

Proposition 6.7. In the Carmeli matrices the �rst structural Cartan equations
(A) of the A4 geometry have the form

∂CḊσi
AḂ
− ∂AḂσi

CḊ
= (TCḊ)A

P σi
P Ḃ

+ σi
AṘ

(T+
ḊC

)Ṙ
Ḃ −

−(TAḂ)C
P σi

P Ḋ
− σi

CṘ
(T+

ḂA
)Ṙ

Ḋ. (91)

Proof. We will write the equations (75) as

∇kσ
i
CḊ
−∇kσ

i
AḂ

= TC
E

kσ
i
ḊE

+ σi
CḞ

T+
Ḋ

Ḟ
k −

−TA
C

kσ
i
CḂ
− σi

AĖ
T+

Ḃ
Ė
k . (92)

It is easily seen that the equations (92) represent the di�erence of the two relationships

∇kσ
i
CḊ

= TC
E

kσ
i
ḊE

+ σi
CḞ

T+
Ḋ

Ḟ
k, (93)

∇kσ
i
AḂ

= TA
C

kσ
i
CḂ

+ σi
AĖ

T+
Ḃ

Ė
k. (94)

Multiplying (93) by σk
AḂ, and (94) by σk

CḊ, we get

∇kσ
i
CḊ

σk
AḂ

= TC
E

kσ
i
ḊE

σk
AḂ

+ σi
CḞ

T+
Ḋ

Ḟ
kσ

k
AḂ

, (95)

∇kσ
i
AḂ

σk
CḊ

= TA
P

kσ
i
P Ḃ

σk
CḊ

+ σi
AĖ

T+
Ḃ

Ė
kσ

k
CḊ

. (96)

We now introduce the notation

(TAḂ)C
E = TC

E
kσ

k
AḂ

(97)

and
∂AḂ = σk

AḂ
∇k, (98)

and rewrite the relationships (95) and (96) as

∂CḊσi
AḂ

= (TCḊ)A
P σi

P Ḃ
+ σi

AṘ
(T+

ḊC
)Ṙ

Ḃ, (99)

∂AḂσi
CḊ

= (TAḂ)C
P σi

P Ḋ
+ σi

CṘ
(T+

ḂA
)Ṙ

Ḋ. (100)

Subtracting from (99) the equality (100), we will arrive at the �rst structural Cartan
equations (91) of the A4 geometry, written in terms of Carmeli matrices.
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Consider now the second structural Cartan equations
(Bs+), written in matrix forms

Rkn + 2∇[kTn] − [Tk, Tn] = 0. (101)

Multiplying the quantity Rkn by σk
AḂ and σn

CḊ, we will introduce the traceless
Carmeli matrix

RAḂCḊ = Rknσ
k
AḂ

σn
CḊ

(102)

with the components [44-46]

R01̇00̇ =

(
Ψ1 −Ψ0

Ψ2 + 2Λ −Ψ1

)
, R10̇00̇ =

(
Φ10 −Φ00

Φ20 −Φ10

)
,

R11̇10̇ =

(
Ψ3 −Ψ2 − 2Λ
Ψ4 −Ψ3

)
, R11̇01̇ =

(
Φ12 −Φ02

Φ22 −Φ12

)
,

R11̇00̇ =

(
Ψ2 + Φ11 − Λ −Ψ1 − Φ01

Ψ3 + Φ21 −Ψ2 − Φ11 + Λ

)
,

R10̇01̇ =

(
−Ψ2 + Φ11 + Λ Ψ1 − Φ01

−Ψ3 + Φ21 Ψ2 − Φ11 − Λ

)
.

(103)

Proposition 6.8. In terms of Carmeli spinor matrices (87) and (102), the second
structural Cartan equations (Bs+) of the A4 geometry become

RAḂCḊ = ∂CḊTAḂ − ∂AḂTCḊ − (TCḊ)A
F TFḂ − (T+

ḊC
)Ḟ

ḂTAḞ +

+(TAḂ)C
F TFḊ + (T+

ḂA
)Ḟ

ḊTCḞ + [TAḂ, TCḊ]. (104)

Proof. We write the equations (101) as

Rkn = 2∇[nTk] + [Tk, Tn] (105)

or
Rkn = ∇nTk −∇kTn + TkTn − TnTk. (106)

Multiplying this by σk
AḂσn

CḊ, we will have

RAḂCḊ = ∂CḊTkσ
k
AḂ
− ∂AḂTnσ

n
CḊ

+ TAḂTCḊ − TCḊTAḂ =

= ∂CḊTAḂ − ∂ABTCḊ − (∂CḊσAḂ
k − ∂AḂσCḊ

k)Tk +

+[TAḂ, TCḊ]. (107)

We have used here the condition that

σk
AḂσk

CĖ
= δA

CδḂ
Ė

(108)

and the notation
∂AḂ = σk

AḂ
∇k. (109)

If now in (107) we use the relationships (99) and (100), we will get the equations (103).
Let us write the second Bianchi identities (Ds+) of the A4 geometry in matrix form

∇n
∗
Rkn +[

∗
Rkn, T

n] = 0. (110)
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Multiplying these equations by σn
EḞ , we will render them in terms of Carmeli matrices

as follows:

∂CḊ
∗
REḞCḊ +σn

ĖF
(∇CḊσAḂ

n )
∗
RAḂCḊ + (111)

+(∇kσ
kCḊ)

∗
REḞCḊ −[TCḊ,

∗
REḞCḊ] = 0.

Using the relationship (99), we can rewrite the identities (111) as

∂CḊ
∗
REḞCḊ −(TCḊ)A

E

∗
RAḞCḊ − (112)

−(T+ḊC)Ḟ
Ḃ

∗
REḂCḊ +(TP

Ḋ)CP
∗
REḞCḊ +

+(T+C
Q̇

)Q̇Ḋ
∗
REḞCḊ +[TCḊ,

∗
REḞCḊ] = 0.

5 Component-by-component rendering of structural

equations of A4 geometry

Let us now write the equations (91) component by component. For convenience, we
will introduce the following notation:

Ai
CḊAḂ

= ∂CḊσi
AḂ
− ∂AḂσi

CḊ
= (TCḊ)A

P σi
P Ḃ

+

+σi
AṘ

(T+
ḊC

)Ṙ
Ḃ − (TAḂ)C

P σi
P Ḋ
− σi

CṘ
(T+

ḂA
)Ṙ

Ḋ. (113)

Also, we will denote the components of the spinor derivative as

∂AḂ =

Ḃ

A 0̇ 1̇
0 D δ
1 δ ∆

, (114)

and the components of the spinor ∆-basis as

σi
AḂ

=

Ḃ

A 0̇ 1̇

0 li = (Y 0, V, Y 2, Y 3) mi = (ξ0, ω, ξ2, ξ3)

1 mi = (ξ
0
, ω, ξ

2
, ξ

3
) ni = (Xo, U, X2, X3)

. (115)

From (113), the spinor component Ai
00̇01̇ will be

Ai
00̇01̇ = ∂00̇σ

i
01̇ − ∂01̇σ

i
00̇ = (T00̇)0

P σi
P 1̇ + σi

0Ṙ
(T+

0̇0
)Ṙ

1̇ −

−(T01̇)0
P σi

P 0̇ − σi
0Ṙ

(T+
1̇0

)Ṙ
0̇ (116)

or

Ai
00̇01̇ = ∂00̇σ

i
01̇ − ∂01̇σ

i
00̇ =

(
(T00̇)0

0σi
01̇ + (T00̇)0

1σi
11̇

)
+

+
(
σi

00̇(T
+
0̇0

)0̇
1̇ + σi

01̇(T
+
0̇0

)1̇
1̇

)
−
(
(T01̇)0

0σi
00̇ + (T01̇)0

1σi
10̇

)
−

−
(
σi

00̇(T
+
1̇0

)0̇
0̇ + σi

01̇(T
+
1̇0

)1̇
0̇

)
. (117)
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Using the notation of (89)-(90) and (114)-(115) for the components
(TCḊ)A

P , (T+
ḂA

)Ṙ
Ḋ, ∂AḂ and σi

AḂ
, we will obtain, by (117),

Dmi − δli =
(
εmi + (−κ)ni

)
+
(
liπ + mi(−ε)

)
−

−
(
βli + (−σ)mi

)
−
(
liα + mi(−ρ)

)
=

= −(α + β − π)li − κni + σmi + (ρ + ε− ε)mi. (118)

Since the vectors mi and li have the following components:

li = (Y 0, V, Y 2, Y 3), mi = (ξ0, ω, ξ2, ξ3),

it follows from (118) that

δV −Dω = (α + β − π)V + κU − σω − (ρ + ε− ε)ω, (119)

δY α −Dξα = (α + β − π)Y α + κXα − αξ
α − (ρ + ε− ε)ξα, (120)

α = 0, 2, 3.

In a similar manner we �nd the following component rendering of the �rst structural
Cartan equations of the A4 geometry

δV −Dω = (α + β − π)V + κU − σω − (ρ + ε− ε)ω, (A.1)

δY α −Dξα = (α + β − π)Y α + κXα − σξ
α − (ρ + ε− ε)ξα, (A.2)

∆Y α −DXα = (γ + γ)Y α + (ε + ε)Xα − (τ + π)ξα − (τ + π)ω, (A.3)

∆V −DV = (γ + γ)V + (ε + ε)U − (τ + π)ω − (τ + π)ω, (A.4)

δU −∆ω = −νV + (τ − α− β)U + λω + (µ− γ + γ)ω, (A.5)

δXα −∆ξα = −νY α + (τ − α− β)Xα + λξ
α

+ (µ− γ + γ)ξα, (A.6)

δω − δω = (µ− µ)V + (ρ− ρ)U − (α− β)ω − (β − α)ω, (A.7)

δξα − δξ
α

= (µ− µ)Y α + (ρ− ρ)Xα − (α− β)ξ
α − (β − α)ξα, (A.8)

α = 0, 2, 3,

and the complex conjugate equations (
−

A.1)− (
−

A.8) (all in all 24 independent equations).
Let us now look at the equations (107) and write them componentwise. For instance,

we will derive the R01̇00̇ component of these equations

R01̇00̇ = ∂00̇T01̇ − ∂01̇T00̇ − (T00̇)0
0T01̇ − (T00̇)0

1T11̇ +

+(T+
00̇

)0̇
1̇T00̇ − (T+

00̇
)1̇

1̇T01̇ + (T01̇)0
0T00̇ + (T01̇)0

1T10̇ +

+(T+
10̇

)0̇
0̇T00̇ + (T+

10̇
)1̇

0̇T01̇ + T01̇T00̇ − T00̇T10̇. (121)
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Using the matrices (89)-(90), (103) and the spinor derivative (114), we can represent
(121) as (

Ψ1 −Ψ0

Ψ2 + 2Λ −Ψ1

)
= D

(
β −σ
µ −β

)
−δ

(
ε −κ
π −ε

)
−

−ε

(
β −σ
µ −β

)
+κ

(
γ −τ
ν −γ

)
−π

(
ε −κ
π −ε

)
+

+ε

(
β −σ
µ −β

)
+β

(
ε −κ
π −ε

)
−σ

(
α −ρ
λ −α

)
+

+α

(
ε −κ
π −ε

)
−ρ

(
β −σ
µ −β

)
+

(122)

+

(
β −σ
µ −β

)(
ε −κ
π −ε

)
−
(

ε −κ
π −ε

)(
β −σ
µ −β

)
.

These equations split into the following three independent equations:

(D − ρ + ε)β − (δ − α + π)ε− (α + π)σ + (µ + γ)κ−Ψ1 = 0,

(D − ρ− ρ− 3ε + ε)σ − (δ − τ + π − α− 3β)κ−Ψ0 = 0,

(D − ρ + ε + ε)µ− (δ + π − α + β)π − σλ + νκ− 2Λ−Ψ2 = 0.

Similarly, we will obtain the following independent equations (Bs+):

(D − ρ− ε− ε)ρ− (δ − 3α− β + π)κ−

−σσ + τκ− Φ00 = 0, (Bs+.1)

(D − ρ− ρ− 3ε + ε)σ − (δ − τ + π − α− 3β)κ−

−Ψ0 = 0, (Bs+.2)

(D − ρ− ε + ε)τ − (∆− 3γ − γ)κ− ρπ − στ − πσ−

−Ψ1 − Φ10 = 0, (Bs+.3)

(D − ρ− ε + 2ε)α− (δ − β + π)ε− βσ + κλ + κγ−

−πρ− Φ10 = 0, (Bs+.4)

(D + ε + ε)γ − (∆− γ − γ)ε− (τ + π)α− (π + τ)β−

−πτ + νκ + Λ−Ψ2 − Φ11 = 0, (Bs+.5)

(D − ρ + 3ε− ε)λ− (δ + π + α− β)π − µσ + νκ− Φ20 = 0, (Bs+.6)

(D − ρ + ε)β − (δ − α + π)ε− (α + π)σ + (µ + γ)κ−

−Ψ1 = 0, (Bs+.7)

(D − ρ + ε + ε)µ− (δ + π − α + β)π − σλ + νκ−

−2Λ−Ψ2 = 0, (Bs+.8)

(D + 3ε + ε)ν − (∆ + µ + γ − γ)π − µτ − (π + τ)λ−

−Ψ3 − Φ21 = 0, (Bs+.9)
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(∆ + µ + µ + 3γ − γ)λ− (δ + 3α + β + π − τ)ν + Ψ4 = 0, (Bs+.10)

(δ − α− β − τ)ρ− (δ − 3α + β)σ + τρ− (µ− µ)κ+

+Ψ1 − Φ01 = 0, (Bs+.11)

(δ − α + 2β)α− (δ + β)β − µρ + σλ− (ρ− ρ)γ−
−(µ− µ)ε− Λ + Ψ2 − Φ11 = 0, (Bs+.12)

(δ − α + 3β)λ− (δ + π + α + β)µ− (ρ− ρ)ν+

+πµ + Ψ3 − Φ21 = 0, (Bs+.13)

(δ − τ + α + β)γ − (∆− γ + γ + µ)β − µτ + σν+

+εν − αλ− Φ12 = 0, (Bs+.14)

(δ − τ + 3β + α)ν − (∆ + µ + γ + γ)µ− λλ+

+πν − Φ22 = 0, (Bs+.15)

(δ − τ − β + α)τ − (∆ + µ− 3γ + γ)σ − λρ+

+κν − Φ02 = 0, (Bs+.16)

(∆ + µ− γ − γ)ρ− (δ + β − α− τ)τ + σλ−
−νκ + 2Λ + Ψ2 = 0, (Bs+.17)

(∆− γ + µ)α− (δ + β − τ)γ − (ρ + ε)ν+

+(τ + β)λ + Ψ3 = 0. (Bs+.18)

In addition to these equations, the second structural Cartan equations (B) include the
complex conjugate equations

R+
kn + 2∇[kT

+
n] − [T+

k , T+
n ] = 0. (Bs−)

We can write these equations in terms of components by replacing the equations (Bs+.1)�
(Bs+.18) by their complex conjugate equations.

6 Connection of structural Cartan equations of A4 geo-

metry with the NP formalism

In 1962 Newman and Penrose [3] put forward a system of nonlinear spinor equations,
which appeared to be extremely convenient in the search for novel solutions of Einstein's
equations. In the work [10] by the author of this book is was shown that the equations of
the Newman-Penrose formalism coincide with the structural Cartan equations of the geo-
metry of absolute parallelism. Indeed, with spinor Carmeli matrices TCḊ one can connect
the spintensor TFACḊ using the relationships

(TCḊ)A
P = TA

P
kσ

k
CḊ = T P

ACḊ = −εPF TFACḊ. (123)

Using the matrix elements (162) of the Carmeli matrices and the fundamental spinor

εAB = εAB =

(
0 1
−1 0

)
,
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we will obtain the following notation for the components of the spintensor TABCḊ:

TABCḊ =

CḊ

AB 00̇ 01̇ 10̇ 11̇
00 κ σ ρ τ

(01) ε β α γ
11 π µ λ ν

. (124)

Proposition 6.9. First structural Cartan equations of the A4 geometry coincide
with the "coordinate equations" [3]

∂AḂσi
CḊ
− ∂CḊσi

AḂ
= εPQ(TPACḊσi

QB − TPCAḂσi
QD) +

+εṘṠ(T ṘḂḊCσi
AṠ
− T ṘḊḂAσi

CṠ
) (125)

in the Newman-Penrose formalism.
Proof. We will write the structural Cartan equations (A) of the geometry of absolute
parallelism as

∂CḊσi
AḂ
− ∂AḂσi

CḊ
= (TCḊ)A

P σi
P Ḃ

+ σi
AṘ

(T+
ḊC

)Ṙ
Ḃ −

−(TAḂ)C
P σi

P Ḋ
− σi

CṘ
(T+

ḂA
)Ṙ

Ḋ. (126)

Using the relationship (123), we will represent the equations (126) as

∂CḊσi
AḂ
− ∂AḂσi

CḊ
= −

(
εPQ(TPACḊσi

QB − TPCAḂσi
QD)+

+ εṘṠ(T ṘḂḊCσi
AṠ
− T ṘḊḂAσi

CṠ
)
)
.

It is easily seen that these equations are equivalent to (125).
We now write the well-known decomposition of the Riemannian tensor Rijkm into

irreducible representations

Rijkm = Cijkm − 2g[i[kRm]j] −
1

3
Rgi[mgk]j, (127)

where Cijkm is the Weyl tensor (10 independent coordinates); Rij is the Ricci tensor (nine
independent coordinates); R is the scalar curvature. The spinor representation of these
quantities using the Newman-Penrose formalism looks like [11]

Cijkm ↔ ΨABCDεȦḂεĊḊ + εABεCDΨȦḂĊḊ, (128)

Rij ↔ 2ΦABȦḂ + 6εABεȦḂ, (129)

R = 24Λ, (130)

where spinors ΨABCD and ΦABȦḂ have the following symmetry properties:

ΨABCD = Ψ(ABCD), ΦABȦḂ = Φ(AB)ȦḂ. (131)

By de�nition the spinors ΨABCD and ΦABȦḂ are transformed following the D(2.0) and
D(1.1) irreducible representation of the groups SL+(2.C), respectively.

17



If we now put in juxtaposition to the Riemann tensor Rijkm a spintensor following the
rule

Rijkm ↔ RAȦBḂCĊDḊ,

then in terms of the spinors (128)-(130) it can be written as

RAȦBḂCĊDḊ = ΨABCDεȦḂεĊḊ + εABεCDΨȦḂĊḊ +

+ΦABĊḊεCDεȦḂ + ΦCDȦḂεABεĊḊ + +2Λ(εACεBDεȦḊεĊḊ +

+εABεCDεȦḊεḂĊ). (132)

This spintensor being skew-symmetric in the pair of indices AȦ and BḂ, we will write
it as

RAĖCḂDṖFQ̇ =
1

2
(εĖḂRACDṖFQ̇ + εACRĖḂDṖFQ̇), (133)

where

RACDṖFQ̇ =
1

2
εĖḂRAĖCḂDṖFQ̇, (134)

RĖḂDṖFQ̇ =
1

2
εACRAĖCḂDṖFQ̇. (135)

Substituting into these relationships the equality (132) gives

RACDṖFQ̇ = ΨACDF εṖ Q̇ + ΦACQ̇Ṗ εFD + ΛεṖ Q̇(εCDεAF + εADεCF ), (136)

RĖḂDḂPQ = εDP ΨĖḂṖ Q̇ + ΦḂĖPDεQ̇Ṗ + ΛεDP (εḂṖ εĖQ̇ + εĖṖ εḂQ̇). (137)

Proposition 6.10. The second structural Cartan equations (Bs+) are equivalent
to the equations [3][40]

ΨACDF εĖḂ + ΦACḂĖεFD + ΛεĖḂ(εCDεAF + (138)

+εADεCF )− ∂DḂTACFĖ + ∂FĖTACDḂ +

+εPQ(TAPDḂTQCFĖ + TACPḂTQDFĖ − TAPFĖTQCDḂ −
−TACPĖTQFDḂ) +

+εṘṠ(TACDṘT ṠḂĖF − TACFṘT ṠĖḂD) = 0

in the Newman-Penrose formalism.
Proof. We write the equations (Bs+) in terms of the Carmeli matrices

RFĖDḂ = ∂DḂTFĖ − ∂FĖTDḂ − (TDḂ)F
STSḂ −

−(T+
ĖD

)Ḟ
ḂTFḞ + (TFĖ)D

STSḂ +

+(T+
ĖF

)Ḟ
ḂTDḞ + [TFĖ, TDḂ]. (139)

Using the relationships (123), we can represent the equations (139) as

RACFĖDḂ − ∂DḂTACEḞ + ∂EḞ TACDḂ + T S
FDḂTACSĖ +

+T
Ḟ

ĖḂDTACFḞ − T S
DFĖTACSḂ − T

Ḟ

ḂĖF TACDḞ +

+εPQ(TAPDḂTQCFĖ − TAPFĖTQCDḂ) = 0,
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or as
RACFĖDḂ − ∂DḂTACEḞ + ∂EḞ TACDḂ + εPQ(TAPDḂTQCFĖ+

+TACPḂTQDFĖ − TAPFĖTQCDḂ − TACPĖTQFDḂ)+

+εṘṠ(TACDṘT ṠḂĖF − TACFṘT ṠĖḂD) = 0,

(140)

where we have introduced the spinor indices in the matrices RAḂCḊ and TAḂ following
the rule

RAḂCḊ → REFAḂCḊ = REFknσ
k
AḂ

σn
CḊ

,
TAḂ → TCDAḂ = TCDkσ

k
AḂ

.
(141)

Substituting into (140) the relationship (136), we will arrive at the equations (138).
Spintensors ΨABCE and ΦABĊĖ have the following notation for their components [38]:

ΨABCE =

CE
AB 00 01 11
00 Ψ0 Ψ1 Ψ2

01 − − Ψ3

11 − − Ψ4

, (142)

ΦABĊĖ =

ĊĖ

AB 0̇0̇ 0̇1̇ 1̇1̇
00 Φ00 Φ01 Φ02

01 Φ10 Φ11 Φ12

11 Φ20 Φ21 Φ22

, (143)

Λ = Λ. (144)

Using the relationships (114), (115), (124), we can expand the equations (126) of the
Newman-Penrose formalism component by component to arrive at the equations (A.1)−
(A.8) plus the complex conjugate equations. Using the relationships (142)-(144) and (114)
we also can expand the equations (138) of the Newman-Penrose formalism componentwise.
We will thus end up with the equations (Bs+.1)�(Bs+.18).

The spinor counterpart of the dual Riemann tensor

∗
Rijkm=

1

2
εkm

spRijsp (145)

can be written as

∗
RAȦBḂCĊDḊ= i

(
εABεCDΨȦḂĊḊ −ΨABCDεȦḂεĊḊ−
−ΦCDȦḂεABεĊḊ + ΦABĊḊεCDεȦḂ+

+2Λ(εACεBDεȦḂεḊĊ + εABεCDεȦĊεḂḊ)) . (146)

It follows that

∗
RAḂCḊEF =

1

2
εṖ Q̇RAḂCḊEṖFQ̇ = −i (−εḂḊΨȦCEF +

+εEF ΦACḂḊ + ΛεḂḊ(εAEεCF + εCEεAF )) , (147)
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also

∗
RAḂCḊṖ Q̇=

1

2
εEF RAḂCḊEṖFQ̇ = i

(
εȦĊΨḂḊṖ Q̇−

−εṖ Q̇ΦACḂḊ + ΛεAC(εḊṖ εḂQ̇ + εḂṖ εḊQ̇)
)
. (148)

The dual Weyl tensor
∗
Cijkm corresponds to the spintensor of the form

∗
Cijkm↔

∗
CAȦBḂCĊDḊ= i(εABεCDΨȦḂĊḊ −ΨABCDεȦḂεĊḊ).

The self-dual spintensor RAḂCḊEF will be

RAḂCḊEF = i
∗
RAḂCḊEF = ΨACEF εḂḊ, (149)

whereas the anti-self-dual tensor is

RAḂCḊṖ Q̇ = i
∗
RAḂCḊṖ Q̇= εACΨĖḂṖ Q̇. (150)

Proposition 6.11. The second Bianchi identities (Ds+) of the A4 geometry in the
spinor ∆-basis can be represented as

1

2i
εCḊ

FĖGḢRẊ∂PẊRABGḢFĖ −ΨABCRTR
F

F
Ḋ −

−3ΨRPB(ATC)
RP

Ḋ + ΦRBḊẊTA
R

C
Ẋ +

+ΦABẊĖT
Ẋ

Ḋ
Ė

C + ΦABḊẊT
Ẋ

Ė
Ė

C = 0, (151)

where
εCḊFĖGḢRẊ = −i(εCGεRF εḊĖεḢẊ − εCF εGRεḊḢεĖẊ). (152)

Proof. We will write the equations (79) as

∇n
∗
RACkn −

∗
REAkn TC

En−
∗
RAEkn TC

En = 0. (153)

Multiplying these equations by σk
CḊ

gives

∂FĖ
∗
RBACḊFĖ +

∗
RBACḊFĖ ∇

nσn
FĖ +

+
∗
RBARṠFĖ σk

CḊ
∂FĖσk

RṠ −

−
∗
RBPCḊFĖ TA

PFĖ−
∗
RPACḊFĖ TB

PFĖ = 0. (154)

Here we have used the relationships (94) and (133). Substituting into (154) the rela-
tionship (148), we will get

iDABCḊ + AFĖPṘ
i
(
σiCḊRBA

PṘFĖ − 2σi
P ṘRBACḊ

FĖ
)

= 0,

where AFĖPṘ
i stands for the equations (125), rewritten as

AAḂCḊ
i = ∂AḂσi

CḊ − ∂CḊσi
AḂ
−−εPQ

(
TPACḊσi

QḂ
− TPCAḂσi

QḊ

)
−

−εṘṠ
(
T ṘḂḊCσi

AṠ
− T ṘḊḂAσi

CṠ

)
= 0, (155)
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and DABCḊ = 0 de�nes the equations (151)

DABCḊ =
1

2i
εCḊ

FĖGḢRẊ∂RẊRABGḢFĖ −

−ΨABCRTR
F

F
Ḋ − 3ΨRPB(ATC)

RP
Ḋ + ΦRBḊẊTA

R
C

Ẋ +

+ΦABẊĖT
Ẋ

Ḋ
Ė

C + ΦABḊẊT
Ẋ

Ė
Ė

C = 0,

which proves the Proposition.

Proposition 6.12. The second Bianchi identities (151) of the A4 geometry
coincide with the Bianchi identities in the work by Newman-Penrose [3].

∂P
ḊΨABPC − ∂X

(CΦAB)ḊẊ − 3ΨPR(ABTC)
PR

Ḋ − (156)

−ΨABCP T P
R

R
Ḋ + 2T P

(AB
ẊΦC)PẊḊ −

−T ẊḊV̇ (AΦBC)
ẊV̇ − T Ẋ

V̇
V̇ (AΦBC)

Ẋ
Ḋ = 0,

3∂AḂΛ + ∂PẊΦAPḂẊ − εV̇ Ẇ
(
ΦAP

Ẋ
Ẇ T ḂẊV̇

P + (157)

+ΦAPḂ
ẊT ẊẆ V̇

P
)

+ ΦPRḂ
ẊTA

PR
Ẋ +

+ΦAPḂ
ẊT P

R
R

Ẋ = 0

Proof. Using (147) and the equality

∗
RABCḊ

RẊ =
1

2
εCḊ

FĖGḢRẊRABGḢFĖ,

we �nd that in (151)

1

2i
εCḊ

FĖGḢRẊ∂PẊRABGḢFĖ = ∂PẊRABCḊ
RẊ =

= ∂PẊ

(
εḊ

ẊΨABC
R − εABΦC

R
Ḋ

Ẋ − ΛεḊ
Ẋ(εCAεB

R + εBAεC
R)
)
.

Substituting this relationship into (151) gives

∂P
ḊΨABPC − ∂C

ẊΦABḊẊ + 2εC(A∂B)ḊΛ−ΨABCRTR
F

F
Ḋ −

−3ΨRPB(ATC)
RP

Ḋ + ΦRBḊẊTA
R

C
Ẋ + ΦABẊĖT

Ẋ

Ḋ
Ė

C +

+ΦABḊẊT
Ẋ

Ė
Ė

C = 0. (158)

The part of (158) symmetrical in the indices C and B can be written as (156); and
the part skew-symmetrical in these indices looks like (157).

By writing the second Bianchi identities (Ds+) of the A4 geometry component by
component, we obtain [3]

(D − 4ρ− 2ε)Ψ1 − (δ − 4α + π)Ψ0 +

+3κΨ2 + (δ − 2β − 2α + π)Φ00 −
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−(D − 2ρ− 2ε)Φ01 − 2κΦ11 +

+2σΦ10 − κΦ02 = 0, (Ds+.1)

(D − 3ρ)Ψ2 − (δ + 2π − 2α)Ψ1 +

+2κΨ3 + λΨ0 + (δ − 2α +

+π)Φ10 − (D − 2ρ)Φ11 − κΦ21 −
−κΦ12 − µΦ00 + πΦ01 + σΦ20 −DΛ = 0, (Ds+.2)

(D − 2ρ + 2ε)Ψ3 − (δ + 3π)Ψ2 +

+2λΨ1 + κΨ4 + (δ − 2α + 2β +

+π)Φ20 − (D − 2ρ + 2ε)Φ21 −
−2µΦ10 + 2πΦ11 − κΦ22 − 2δΛ = 0, (Ds+.3)

(δ − 4τ − 2β)Ψ1 − (∆− 4γ + µ)Ψ0 +

+3σΨ2 + (δ − 2β + 2π)Φ01 − (D − 2ε + 2ε−
−ρ)Φ02 − 2κΦ12 + 2σΦ11 −
−λΦ00 = 0, (Ds+.4)

(δ − 3τ)Ψ2 − (∆ + 2µ− 2γ)Ψ1 + 2σΨ3 +

+νΨ0 + (δ + 2π)Φ11 − (D + 2ε−
−ρ)Φ12 − κΦ22 − µΦ01 + πΦ02 +

+σΦ21 − λΦ10 − δΛ = 0, (Ds+.5)

(δ + 2β − 2τ)Ψ3 − (∆ + 3µ)Ψ2 + 2νΨ1 +

+σΨ4 + (δ + 2β + 2π)Φ21 −
−(D + 2ε + 2ε− ρ)Φ22 −

−2µΦ11 + 2πΦ12 − λΦ20 − 2∆Λ = 0, (Ds+.6)

(D + 4ε− ρ)Ψ4 − (δ + 4π + 2α)Ψ3 +

+3λΨ2 + (∆ + 2γ − 2γ + µ)Φ20 −
−(δ + 2α− 2τ)Φ21 − 2νΦ10 +

+2λΦ11 − σΦ22 = 0, (Ds+.7)

(δ + 4β − τ)Ψ4 − (∆ + 2γ + 4µ)Ψ3 + 3νΨ2 +

+(∆ + 2γ + 2µ)Φ21 − (δ + 2α +

+2β − τ)Φ22 − 2νΦ11 + 2λΦ12 −
−νΦ20 = 0, (Ds+.8)
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(D − 2ρ− 2ρ)Φ11 − (δ − 2α− 2τ +

+π)Φ10 − (δ − 2τ − 2α + π)Φ01 +

+(∆ + 2γ − 2γ + µ + µ)Φ00 +

+κΦ12 + κΦ21 − σΦ02 −
−σΦ20 + 3DΛ = 0, (Ds+.9)

(D − 2ρ + 2ε− ρ)Φ12 −
−(δ + 2π − 2τ)Φ11 − (δ + 2β −

−2α− τ + π)Φ02 + (∆ + 2µ− 2γ +

+µ)Φ01 + κΦ22 − νΦ00 −
−λΦ10 − σΦ21 + 3δΛ = 0, (Ds+.10)

(D + 2ε + 2ε− ρ− ρ)Φ22 −
−(δ + 2π + 2β − τ)Φ21 − (δ +

+2β + 2π − τ)Φ12 + (∆ + 2µ +

+2µ)Φ11 − νΦ10 − νΦ01 +

+λΦ20 + λΦ02 + 3∆Λ = 0. (Ds+.11)

To arrive at the complete set of the second Bianchi (D) identities of the A4 geometry,
we will have to add to these equations their complex conjugate (Ds−).

7 Variational principle of derivation of the structural

Cartan equations and the second Bianchi identities

of A4 geometry

To begin with, we will consider the derivation of the structural equations (B) and
of the second Bianchi identities (D) for self-dual and anti-self-dual �elds of Riemannian
curvature, whose Carmeli matrices obey the conditions

Rkn = ±i
∗
Rkn,

R+
kn = ±i

∗
Rkn,

where
Rkn + 2∇[kTn] − [Tk, Tn] = 0,

R+
kn + 2∇[kT

+
n] − [T+

k , T+
n ] = 0,

and
∗
Rkn=

1

2
εknpsRps,

∗
R

+
kn =

1

2
εknpsR+

ps.
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Let us take the Lagrange function in the form

L1 = −1

4
(−g)1/2Tr(RknR

kn) + complex conjugate part. (159)

Varying this expression in Tk and T+
k , we will arrive at the equations (D)

∇n
∗
Rkn +[

∗
Rkn, T

n] = 0, (160)

∇n
∗
R

+
kn + [

∗
R

+
kn, T

+n] = 0. (161)

For arbitrary �elds of Riemannian curvature the Lagrange function looks like

L2 = −1

2
(−g)1/2Tr

(
∗
R

kn(−1

2
Rkn − 2∇[kTn] + [Tk, Tn])

)
+ c.c. part. (162)

Variation of this Lagrangian in
∗
Rkn and

∗
R+

kn yields the second Bianchi identities (D)

∇n
∗
Rkn +[

∗
Rkn, T

n] = 0, (Ds+)

∇n
∗

R+
kn +[

∗
R

+
kn, T

+n] = 0. (Ds−)

On the other hand, variation of the Lagrangian (162) in Tk and T+
k gives the second

structural Cartan equations (B) of the A4 geometry

Rkn + 2∇[kTn] − [Tk, Tn] = 0, (Bs+)

R+
kn + 2∇[kT

+
n] − [T+

k , T+
n ] = 0, (Bs−)

and
∗
Rkn=

1

2
εknpsRps,

∗
R

+
kn =

1

2
εknpsR+

ps.

Independent variables in the Lagrangian (162) are the quantities Rkn, R
+
kn, Tk, and T+

k .
To obtain from them using the variational principle, the �rst structural Cartan equations
(A) of the A4 geometry

∇[kσ
i] − T[kσ

i] − σ[iT+
k] = 0, (As)

we will have to introduce into the Lagrangian (162) as independent variables the matrices
σi. This can be done by modifying the Lagrangian (162) as it has been done in [12].

We now write the equations (A), (B) and (D) in spinor form :

(A) Ai
AḂCḊ = 0, (163)

(B) BFĖACDḂ = 0 + c.c. equations, (164)

(D) DABCḊ = 0 + c.c. equations, (165)
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where

Ai
AḂCḊ

= ∂AḂσi
CḊ
− ∂CḊσi

AḂ
− εPQ(TPACḊσi

QB − (166)

−TPCAḂσi
QD)− εṘṠ(T ṘḂḊCσi

AṠ
−

−T ṘḊḂAσi
CṠ

) = 0,

BACFĖDḂ = RACFĖDḂ − ∂DḂTACEḞ + ∂EḞ TACDḂ + +εPQ(TAPDḂTQCFĖ +

+TACPḂTQDFĖ − TAPFĖTQCDḂ − TACPĖTQFDḂ) + (167)

+εṘṠ(TACDṘT ṠḂĖF − TACFṘT ṠĖḂD) = 0,

DABCḊ =
1

2i
εCḊ

FĖGḢRẊ∂RẊRABGḢFĖ −−ΨABCRTR
F

F
Ḋ − 3ΨRPB(ATC)

RP
Ḋ +

+ΦRBḊẊTA
R

C
Ẋ + ΦABẊĖT

Ẋ

Ḋ
Ė

C + ΦABḊẊT
Ẋ

Ė
Ė

C = 0 (168)

and consider the Lagrangian

L3 =
∗
R

B
Q̇

AQ̇kn
(
(2∇nTABk + 2TPAnTB

P
k)−

1

4
RBPA

P
nk

)
+ c.c. part. (169)

Here
∗
R B

Q̇
AQ̇kn = εnkjmRB

Q̇
AQ̇

jm and εnkjm is a completely skew-symmetrical Levi-
Chivita symbol.

If we take RB
Q̇

AQ̇kn and TPAn to be independent variables and use the conventional
variational procedure, we will obtain the following equations:

(Bs+)
1

2
RBṖA

Ṗ
kn − 2∇[kT|AB|n] + 2TPA[kT

P
|B|n] = 0, (170)

(Bs−) complex conjugate equations, (171)

(Ds+) ∇k
∗
RBQ̇A

Q̇
nk − 2

∗
RPQ̇(A

Q̇
|nk|T

Pk
B) = 0, (172)

(Ds−) complex conjugate equations. (173)

Multiplying equations (170) by σCḊ
nσFĖ

n gives

∂FĖTABCḊ − ∂CḊTABFĖ + TPAFĖT P
BAḊ
− TPACḊT P

BFĖ
−

−1

2
RBQ̇A

P
FĖCḊ + TABn(∂CḊσFĖ

n − ∂FĖσCḊ
n) = 0. (174)

Using the notation (166) and (167), we will write (174) as

BACFĖDḂ + An
CDFĖTABn = 0. (175)

We will now multiply (172) by σCḊ
k to get the relationship

∂FĖ
∗
R BQ̇A

Q̇
CḊEḞ +

∗
RBQ̇A

Q̇
CḊEḞ∇

kσk
FĖ +

+
∗
RBQ̇A

Q̇
RṠEḞ σn

CḊ∂FĖσRṠ
n −

−
∗
RBQ̇P

Q̇
CḊEḞ TA

PFĖ−
∗
RPQ̇A

Q̇
CḊEḞ TB

PFĖ = 0 (176)
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or, from (166) and (167),

iDABCḊ + AFĖPṘ
n
(

1

2
σnCḊ

∗
RBQ̇A

Q̇PṘEḞ − σn
PṘ

∗
RBQ̇A

Q̇
CḊ

EḞ
)

= 0. (177)

Here we have also used the relationship

∗
RBQ̇A

Q̇
CḊEḞ = i (2ΨBACF εDĖ − 2εCF ΦABḊĖ + 2ΛεḊĖ(εBF εAC+

+εBCεAF )) .

It is clear that from the Lagrangian (169) it is impossible to obtain the �rst structural
Cartan equations (A) of the A4 geometry, since it does not contain σCḊ

n.
Let us add to the Lagrangian (169) the term

λAḂCḊ
j Aj

AḂCḊ
(178)

where the quantities λAḂCḊ play the role of Lagrange factors

L4 = L3 + λAḂCḊ
j Aj

AḂCḊ
+ c.c. part. (179)

The quantities λAḂCḊ
j , just like Aj

AḂCḊ
, are Hermitian matrices, which are skew-sy-

mmetrical in the pair of indices [12]AḂ and CḊ. Varying the Lagrange density (179) in
σCḊ

n gives [12]
Aj

AḂCḊ
= 0 (180)

and
DABCḊ = σPṘ

k σẊ
nB(λn

AẊPṘ
− λ

n

AẊPṘ)σk
CḊ

= 0. (181)

Since λn
AẊPṘ

are Hermitian matrices, from (181) we have the equations (Ds+)

DABCḊ = 0. (182)

Hence varying the complex conjugate part of the Lagrangian (179) gives

DȦḂĊD = 0. (183)

and of the Lagrangian (179) in RB
Q̇A

Q̇kn gives

BACFĖDḂ + An
CDFĖTABn = 0 (184)

or, from (180),
BACFĖDḂ = 0. (185)

Variation of the complex conjugate part in R
Ḃ

Q
ȦQkn yields

BACFĖDḂ = 0. (186)

It has thus been shown that from the Lagrangian (179) follow the �rst and second of
the structural Cartan equations of the A4 geometry (equations (180), (185) and (186)),
and also the second of the Bianchi identities (equations (182) and (183)).
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8 Decomposition of spinor �elds of A4 geometry into

irreducible parts

The Ricci torsion tensor Ω..i
jk of the A4 space has 24 independent components, and it

can be represented as the sum of three irreducible parts as follows:

Ωi
.jk =

2

3
δi
[kΩj] +

1

3
εn

jksΩ̂
s + Ω

i

.jk, (187)

where
Ωi

.jk = gimgksΩ
..s
mj, (188)

and the vector Ωj, pseudovector Ω̂j and the traceless part of the torsion Ω
i
.jk are given by

Ωj = Ωi
.ji, (189)

Ω̂j =
1

2
εjinsΩ

ins, (190)

Ω
s
.js = 0, Ωijs + Ωjsi + Ωsij = 0. (191)

In the spinor basis the spinor representation of the Ricci rotation coe�cients TABCĊ has
the form [40]

TABCĊ =
1

2

(
AABCĊ +

1

3
(εACαBĊ + εBCαAĊ)

)
, (192)

where the spinor AABCĊ is completely symmetrical in the unprimed indices

AABCĊ = A(ABC)Ċ , (193)

and the spinor αBĊ is given by

αAĊ = AAB
B

Ċ . (194)

In turn, the spinor αAĊ can be decomposed into the Hermitian and anti-Hermitian
parts:

αAĊ = κAĊ − iµAĊ , (195)

where

κAĊ =
1

2
(αAĊ + αȦC), µAĊ =

1

2
i(αAĊ − αȦC) (196)

and
κAĊ = κȦC = κCȦ, µAĊ = µAĊ = µCȦ. (197)

The irreducible parts of torsion (189)-(191) and the spinors (193)-(197) are related by

Ωj ←→ κAĊ , (198)

Ω̂j ←→ µAĊ , (199)

Ω
k
.js ←→ AABCĊ . (200)

Since
Ωijk = gskΩ

..s
ij , (201)
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we have
ΩAȦBḂCĊ ←→ Ωijk, (202)

ΩAȦBḂCĊ =
1

2
(ΩABCĊεȦḂ + ΩȦḂĊCεAB), (203)

ΩABCĊ = AC(AB)Ċ + αĊ(AεB)C . (204)

By de�nition, the spinor AABCĊ is transformed in the D(3/2.1/2) irreducible repre-
sentation of the group SL(2, C). Consequently, the spinors κAĊ and µAĊ are transformed
in the D(1/2.1/2) irreducible representation of the group SL(2.C). Using the relationship
(124), we can �nd the components of the spinors κAĊ and µAĊ [13]

κAĊ =

(
1
2
(ρ + ρ)− 1

2
(ε + ε) 1

2
(τ + β) + 1

2
(α− π)

1
2
(τ − β) + 1

2
(α− π) 1

2
(γ + γ)− 1

2
(µ + µ)

)
, (205)

µAĊ = i

(
1
2
(ρ− ρ)− 1

2
(ε− ε) 1

2
(τ − β)− 1

2
(α− π)

−1
2
(τ − β) + 1

2
(α− π) 1

2
(γ − γ)− 1

2
(µ− µ)

)
. (206)

The Riemann tensor represented in terms of irreducible parts is

Rijkm = Cijkm + gi[kRm]j + gj[kRm]i +
1

3
Rgi[mgk]j. (207)

In the spinor basis this becomes [3]

RAȦBḂCĊDḊ = ΨABCDεȦḂεĊḊ + +εABεCDΨȦḂĊḊ + ΦABĊḊεCDεȦḂ +

+ΦCDȦḂεABεĊḊ + 2Λ(εACεBDεȦḂεĊḊ + +εABεCDεȦḊεḂĊ).

We also have the following connection:

Cijkm ←→ ΨABCDεȦḂεĊḊ + εABεCDΨȦḂĊḊ,

Rij ←→ 2ΦABĊḊ + 6εABεĊḊ, (208)

R←→ 24Λ,

where the spinors ΨABCD, ΦABĊḊ and Λ meet the following symmetry conditions:

ΨABCD = Ψ(ABCD), ΦABĊḊ = Φ(AB)(ĊḊ), Λ = Λ

and belong to the D(2.0), D(1.1) and D(0.0) irreducible representations of the group
SL(2.C), respectively.

9 Spinor set of Einstein-Yang-Mills equations

In the �rst part of the book it was shown that the structural Cartan equations of the
geometry of absolute parallelism (A) and (B) can be represented as an extended set of
Einstein-Yang-Mills equations

∇[ke
a
j] + T i

[kj]e
a
i = 0, (A)

Rjm − 1
2
gjmR = νTjm, (B.1)

Ci
jkm + 2∇[kT

i
|j|m] + 2T i

s[kT
s
|j|m] = −νJ i

jkm. (B.2)

(209)
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We will write this set of equations in the spinor basis. To this end, we will make use of
the Carmeli matrices and the Newman-Penrose spinor formalism. Suppose now we have
the right spin A4 geometry, then its equations (A) and (B) have the form

∂CḊσi
AḂ
− ∂AḂσi

CḊ
= (TCḊ)P

Aσi
P Ḃ

+

+σi
AṘ

(T+
ḊC

)Ṙ
Ḃ
− (TAḂ)P

Cσi
P Ḋ
− σi

CṘ
(T+

ḂA
)Ṙ
Ḋ
, (As+)

RAḂCḊ = ∂CḊTAḂ − ∂AḂTCḊ − (TCḊ)F
ATFḂ −

−(T+
ḊC

)Ḟ
Ḃ
TAḞ + (TAḂ)F

CTFḊ + (T+
ḂA

)Ḟ
Ḋ
TCḞ + [TAḂ, TCḊ], (Bs+)

where the components of the matrices σi
AḂ

, TAḂ and RAḂCḊ are given by (115), (88) and
(103), respectively.

Proposition 6.13. Equations (B.1) in the spinor basis are

2ΦABĊḊ + ΛεABεĊḊ = νTAĊBḊ. (210)

Proof. In terms of the irreducible spinors (208) P − Q the components of the spinor
matriñes RAḂCḊ are given by [14]

(RAḂCḊ)P
Q = εḊḂ

(
ΨCAP

Q − Λ(εPCδQ
A + εPAδQ

C )
)

+ εCAΦP
Q

ḊḂ, (211)

where
(CAḂCḊ)P

Q = εḊḂΨCAP
Q (212)

are the P −Q components of the spinor matrices of the Weyl tensor with the the compo-
nents

C01̇00̇ =

(
Ψ1 −Ψ0

Ψ2 −Ψ1

)
, C11̇10̇ =

(
Ψ3 −Ψ2

Ψ4 −Ψ3

)
,

C11̇00̇ =

(
Ψ2 −Ψ1

Ψ3 −Ψ2

)
, C10̇01̇ =

(
−Ψ2 Ψ1

−Ψ3 Ψ2

)
, (213)

and related with the spinor ΛεḊḂ(εPCδA
Q + εPAδC

Q) and εCAΦP
Q

ḊḂ are the trace and
traceless parts of the Ricci tensor

ΛεABεĊḊ = −1

4
σk

AĊσn
BḊRgkn, (214)

ΦABĊḊ =
1

2
σk

AĊσn
BḊ

(
Rkn −

1

4
gknR

)
. (215)

Substituting relationships (214) and (215) into (210) and multiplying the resultant
expression by σAĊ

kσ
BḊ

n, we arrive at the equations (B.1).
We now represent the matrix RAḂCḊ as the sum

RAḂCḊ = CAḂCḊ + νJAḂCḊ, (216)

where the matrix current JAḂCḊ has the components [15]:

J01̇00̇ =
1

2

(
0 0

1
6
T 0

)
, J11̇10̇ =

1

2

(
0 −1

6
T

0 0

)
,
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J10̇00̇ =
1

2

(
T10̇00̇ −T00̇00̇

T10̇10̇ −T10̇00̇

)
,

J11̇01̇ =
1

2

(
T01̇11̇ −T01̇01̇

T11̇11̇ −T01̇11̇

)
, (217)

J11̇00̇ =
1

2

(
T11̇00̇ −T01̇00̇

T10̇11̇ −T11̇00̇

)
− 1

2

(
1
6
T 0
0 −1

6
T

)
,

J10̇01̇ =
1

2

(
T11̇00̇ −T01̇00̇

T10̇11̇ −T11̇00̇

)
+

1

2

(
−1

6
T 0

0 1
6
T

)
.

Here
TAḂCḊ = σk

AĊσn
BḊTkn, (218)

T = gjmTjm, (219)

and the energy-momentum tensor Tkn is given in terms of the Ricci rotation coe�cients
by

Tjm = −2

ν

{
∇[iT

i
|j|m] + T i

s[iT
s
|j|m]−

−1

2
gpngjm

(
∇[i|T

i
|p|n] + T i

s[iT
s
|p|n]

)}
. (220)

In the special case where the �eld T i
jk is skew-symmetric in all the three indices, the

tensor (218) is

Tjm =
1

ν

(
Ω̂jΩ̂m −

1

2
gjmΩ̂iΩ̂i

)
. (221)

Multiplying this by σj
AĊσm

BḊ and using (199), we get

TAḂCḊ =
1

ν

(
µAḂµCḊ −

1

2
εACεḂḊµPQ̇µPQ̇

)
. (222)

In addition, we obtain

T = gjmTjm = −1

ν
Ω̂jΩ̂

j = −1

ν
µPQ̇µPQ̇. (223)

Hence the �density of spinor matter� is

ρ = − 1

νc2
µPQ̇µPQ̇. (224)

We substitute (6.217) into the spinor equations (Bs+) go get

2ΦABĊḊ + ΛεABεĊḊ = νTAĊBḊ, (Bs+.1)

CAḂCḊ − ∂CḊTAḂ + ∂AḂTCḊ + (TCḊ)F
ATFḂ + (T+

ḊC
)F
Ḃ
TAḞ−

−(TAḂ)F
CTFḊ − (T+

ḂA
)Ḟ
Ḋ
TCḞ − [TAḂ, TCḊ] = −νJAḂCḊ. (Bs+.2)
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To conclude, we will write the extended set of Einstein-Yang-Mills equations as

∂CḊσi
AḂ
− ∂AḂσi

CḊ
= (TCḊ)P

Aσi
P Ḃ

+ σi
AṘ

(T+
ḊC

)Ṙ
Ḃ
−

−(TAḂ)P
Cσi

P Ḋ
− σi

CṘ
(T+

ḂA
)Ṙ
Ḋ
, (As)

2ΦABĊḊ + ΛεABεĊḊ = νTAĊBḊ, (Bs+.1)

CAḂCḊ − ∂CḊTAḂ + ∂AḂTCḊ + (TCḊ)F
ATFḂ + (T+

ḊC
)Ḟ
Ḃ
TAḞ−

−(TAḂ)F
CTFḊ − (T+

ḂA
)Ḟ
Ḋ
TCḞ − [TAḂ, TCḊ] = −νJAḂCḊ. (Bs+.2)

where the spinor indices take on the values A, B, D . . . = 0, 1, Ȧ, Ḃ, Ḋ . . . = 0̇, 1̇.

10 Formalism of two-component spinors. Geometrized

Heisenberg eqations

We will introduce the two-component spinors oα and iα [16], connected with the com-
ponents of the spinor dyad ξα

β as follows:

ξα
0 = oα, ξα

1 = ια, ξ
α̇

0̇ = oα̇, ξ
α̇

1̇ = ια̇,

α, β . . . = 0, 1, α̇, β̇ . . . = 0̇, 1̇.

From the orthogonality condition for the spinor dyad

ξ0
αξα

1 = 1,

ξα
0 ξ0

α = −ξ0
αξα

0 = 0, (225)

ξα
1 ξ1

α = 0.

ξ0
αξβ

0 − ξ1
αξβ

0 = δβ
α,

ξ0
αξ1

β − ξ1
αξ0

β = εαβ, (226)

where

εαβ = εαβ = εγ̇δ̇ = εγ̇δ̇ =

(
0 1
−1 0

)
, (227)

we derive the normalization condition for the two-component spinors

oαια = −ιαoα = 1,

oαoα = −oαoα = 0, ιαια = 0, (228)

and also the relationships

εαβ = oαιβ − ιαoβ, εαβ = oαιβ − oβια, εβ
α = oαιβ − ιαoβ.

Spinors oα and iβ de�ne the components of the Newman-Penrose symbols (6)

σi
AḂ

= σi
αβ̇

ξα
Aξ

β̇

Ḃ (229)

as follows:
σi

00̇
= σi

αβ̇
oαoβ̇ = li, σi

11̇
= σi

αβ̇
ιαιβ̇ = ni,

σi
01̇

= σi
αβ̇

oαιβ̇ = mi, σi
10̇

= σi
αβ̇

ιαoβ̇ = mi.
(230)
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The vectors li, ni, mi and mi form an isotropic tetrad. The conventional tetrad ei
a

can be made up of the vectors of an isotropic tetrad using the relationships

ei
0 = (2)−1/2(li + ni) = (2)−1/2σi

αβ̇
(oαoβ̇ + ιαιβ̇),

ei
1 = (2)−1/2(mi + mi) = (2)−1/2σi

αβ̇
(oαιβ̇ + ιαoβ̇),

ei
2 = (2)−1/2i(mi −mi) = (2)−1/2σi

αβ̇
(oαιβ̇ − ιαoβ̇),

ei
3 = (2)−1/2(li − ni) = (2)−1/2σi

αβ̇
(oαoβ̇ − ιαιβ̇). (231)

Using the relationships

TACk =
1

2
εḂḊσi

CḊ
∇kσAḂi, (232)

∇αβ̇ = σi
αβ̇
∇i (233)

we �nd the following expressions for the components of the Carmeli matrices [17]:

−κ = oαoβ̇oγ∇αβ̇oγ, −λ = ιαoβ̇ιγ∇αβ̇ιγ,

−ρ = ιαoβ̇oγ∇αβ̇oγ, −π = oαoβ̇ιγ∇αβ̇ιγ,

−σ = oαιβ̇oγ∇αβ̇oγ, −ε = oαoβ̇ιγ∇αβ̇oγ,

−τ = ιαιβ̇oγ∇αβ̇oγ, −β = oαιβ̇ιγ∇αβ̇oγ,

−ν = ιαιβ̇ιγ∇αβ̇ιγ, −γ = ιαιβ̇oγ∇αβ̇ιγ,

−µ = oαιβ̇ιγ∇αβ̇ιγ, −α = ιαoβ̇oγ∇αβ̇ιγ,

(234)

Ψ0 = Ψαβχδo
αoβoχoδ, Ψ1 = Ψαβχδo

αoβoχιδ,
Ψ2 = Ψαβχδo

αoβιχιδ, Ψ3 = Ψαβχδo
αιβιχιδ,

(235)

Ψ4 = Ψαβχδι
αιβιχιδ,

Φ00 = Φ00 = Φαβχ̇δ̇o
αoβoχ̇oδ̇, Φ01 = Φ10 = Φαβχ̇δ̇o

αoβoχ̇ιδ̇,

Φ02 = Φ2 = Φαβχ̇δ̇o
αoβιχ̇ιδ̇, Φ11 = Φ11 = Φαβχ̇δ̇o

αιβoχ̇ιδ̇,

Φ12 = Φ21 = Φαβχ̇δ̇o
αιβιχ̇ιδ̇, Φ22 = Φ22 = Φαβχ̇δ̇ι

αιβιχ̇ιδ̇.

(236)

It follows from (234) that

∇βχ̇oα = γoαoβoχ̇ − αoαoβιχ̇ − βoαιβoχ̇ + εoαιβιχ̇−
−τιαoβoχ̇ + ριαoβιχ̇ + σιαιβoχ̇ − κιαιβιχ̇,

(237)

∇βχ̇ια = νoαoβoχ̇ − λoαoβιχ̇ − µoαιβoχ̇ + πoαιβιχ̇−
−γιαoβoχ̇ + αιαoβιχ̇ + βιαιβoχ̇ − ειαιβιχ̇.

(238)

This equations generalizes the nonlinear spinor Heisenberg equations.
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