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1 Three main spinor bases of A4 geometry

The geometry of absolute parallelism, as laid down in vector basis, enables the structural
equations of this geometry of be represented as right (invariant with respect to the T, and
SO™(3.1)) groups and left (invariant with respect to the T and the SO~ (3.1) groups)
groups of the structural equations (A™), (B™) and (A™) and (B7), respectively. Equations
(A1), (B*) (or (A7), (B7)) can, in turn, be split by a transition into a group of equations,
whose component fields have opposite spins. For this purpose, we have to use spinor basis
and some elements of spinor analysis.

We will view the spinor geometry As as a differentiable manifold Xy, such that at
each point M with the translational coordinates x (i = 0,1, 2, 3) a two-dimensional spinor
space C? is introduced [1|. There are three possibilities for introducing the spinor basis in
the spinor space C?:

(a) spinor T-basis formed by the Infeld-Van der Werden symbols o?, 5 |2], which satisfy
the equality
Vao,; = 0; (1)

(b) spinor A-basis formed by the Newman-Penrose symbols o*, , [3], which satisfy the
equality

Vn 0 = 0; 2)

(c) spinor dyad basis £%, which satisfies the equality [4]
PP Vil = 0. (3)

In relationships (1)-(3) the indices o, 3,... and A, B, ... are spinor indices that take
on the values 0,1 and 0,1. Any local vector A® that belongs to C? can be represented as
a spin-tensor of the second rank either in the spinor I'- basis

A = Ao‘ﬁagﬁ-, (4)
or in the spinor A-basis .
Ai = AABO';B. (5)
All the spin-tensors associated with the I'-basis will have the spinor indices a, B,. ..
and the spin-tensors associated with A basis will have spinor indices A, B, . ... As to dyad
€%, it is a connection between I'- and A-basis
, R
Oup = ‘7;65,0453- (6)
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Here )
7[3 0
SB = gg:
and the bar on the right-hand side of the equality implies complex conjugation.
Spinor A-basis is connected with the vector basis ef by

Thp = CaOlp (7)
o’ = ejol?, ®)
where ¢,45 are complex Hermitian (0,48 = o,48) matrices, and the matrices o L and
o, AP have the form
10 0 1
01 1 0
a | _ -1/2
o AB (2) 0 7 4 0 ) (9)
10 0 -1
10 0 1
AB _ —1/2 01 — 0
opt =@ 0L 0 (10)
10 0 -1
where _
det(c% ) =i, det(os") = —i.
From the orthogonality conditions for the tetrad e’
el = 5,7, e’y = 09 (11)

and the relationships (7)—(10) follows the orthogonality conditions for the spinor A-basis

aB i e
070l =07, (12)
JZABOicE = 5AC5BE. (13)
For the spinor I'-basis the following orthogonality conditions hold [17]
U?Bazp = 5°‘p(5BZ;. (15)
Whence, by (6) and (12)-(13), follow the orthogonality conditions for the spinor dyad
§ali =1,
§o&a = —8aks =0, (16)
§i6a = 0.
In addition, there are the relationships [17]
5255 - 5&55 = 657 (17)

fgf[li - fiffa = €ap;
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where
y 1
Eap = = €4 = e = ( _01 0 > (18)

is the fundamental spinor [3] that obeys the following relationships:

Eape™ = = —¢", (19)
Eape”™ = 0557 — 7%, (20)
£8 =2, (21)
EalgErs) = 0, (22)

e§:<é?>. (23)

The fundamental spinor €,4 increases and decreases the indices on the spin-tensor
associated with the I'-basis, similar to the metric tensor g;; in the vector basis. In the
spinor A-basis it has the form

ean = €apli&h, (24)
so that

55 0 1

The fundamental spinor € 45 increases and decreases indices on the spin-tensors asso-
ciated with the A-basis. For example, we have

Xoteap=x1g, ePxip. =t 26)
VAL~ e AB, ....... AL
PLUEAB= ¥ g, € P E. TP
If the spinor is skew-symmetric in two indices
0.a.8.=-0.p.a., (27)

then, using the fundamental spinor €45, it can be represented as [3]

1
0. 4.8.= §€A39“'é'c"? (28)

The same properties are valid in the spinor I'-basis for the fundamental spinor ..



2 Spinor representation of the structural Cartan equa-
tions of A4 geometry

The relationship (28) makes it possible to reduce spinors skew-symmetric in primed
and unprimed indices to spinors that are completely (or partially) symmetrical in primed
and anprimed indices. In the space of spinors of this type irreducible representations of
the groups SL(2.C) are realized [5]. This group replaces the group SO(3.1) on passing
over to the spinor basis.

Definition 6.1. We will say that the components of a spinor with r symmetrical
lower indices and with s symmetrical lower primed indices are transformed in D(r/2, s/2)
irreducible representation of the group SL(2.C).

For example, the spinor

Fap = Fpa

is transformed in D(1.0), and the spinor
Fep = Ipe

in the D(0.1) irreducible representation of the group SL(2.C).

We will write the main relationships of the A, geometry in the spinor A-basis. This
can be accomplished using the spinor representation of the arbitrary tensor 7" l] in the
A-basis . .

TAB — O'ABT"'i"i"'O'j ) (29)

e — afP, (30)

T%m < T s (31)
Rabkm — RABoka7 (32)
Nab < Napcp = EACEBD (33)

and so on.

Proposition 6.1. In the spinor A-basise the metric tensor g;; of the A, geometry
has the form
Gij = 5AC<€BDU;430JCD. (34)
Proof. Substituting into
Gij = nabeaiebj
the relationships (7) and (8) written as

a _ _AB _a . b _ CD b |
e =070 g, €, =070 cp, (35)

we have . _
_ AB _a _CD b
9ij = Nab0;  O4p05 O (36)

From the relationships (9), (10), (25) and the definition

Na = n® = diag(l =1 —1 — 1),
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we obtain the following equality:

a b _ .
Nab0 A50cop — EACEBD-

Substituting this into (36), we arrive at the formula (34).
We now write the structural Cartan equations in matrix form

Visety = e Tim =0, (4)

vkm T 2V kL jp) + 2T Tjpym) = 0. (B)
Using the rules (30)-(32), we write these equations in the spinor A-basis

Vionl — ofPTA 50 =0, (37)
R i + QV[kTAB|cD|m] + QTABEF[kTEF|CD\m} = 0. (38)

Consequently, the second Bianchi identity of the A, geometry

Vi Bykm) T Biprm Liein) — Lo Bjejeom) = 0 (D)
in the spinor A-basis becomes
AB EF AB EF AE
ViR cppem T B copm? 1epm =T comB | mrpm = 0- (39)
Proposition 6.2. If F;; = —Fj; is a real skew-symmetrical tensor, then the
corresponding spinor
Fapep = 1 UAB CD (40)
can be represented in the form
1 _
Fapep = 5(Esplac +eackpp), (41)
where the spinor
Fac = Fca (42)

is transformed in the D(1.0) irreducible representation of the group SL(2.C'), and the
spinor

Fpp=Fgp=TFpp (43)

in the D(0.1) irreducible representation of the same group.
Proof. Since the tensor F}; is skew-symmetric, we have, by (40),

Fagep = —Fepas (44)
We rewrite this as
Fypep = ;(FABCD —Lopap = ;(FABCD — Fepap + Fopas —
—Fepap)- (45)



Using the fundamental spinor (25), we can write (45) as follows:
1 .
Fapen = §(€A0FFBFD +eppFapc”)- (46)

Denoting Fac = (1/2)F,;o", we have, by (44),

1 ; 1
Fac = 5F,pc” = —5Fa"op = Foa. (47)
Further, introducing the notation Fp, = $ Fpp’ 5 and considering that Fj; is real, we
find | .
Fpp=5Frs" b= 5Fis" = Fap. (48)

Substituting the relationships (47) and (48) into (46), we arrive at (44). By definition,
the spinor Fac = Fga belongs to the D(1.0) irreducible representation of the groups
SL(2.C); and spinor F g5 = F 5 — to the D(0.1) irreducible representation of the group.

Since the quantities T 50, and R, pope, i the equations (37) and (38) are skew-
symmetric in the pair of spinor matrix indices AB and CD, we can represent them, by
(27)—(28), as

1
Tagepr = 5EeppTack + eacTp,); (49)

1
RABCDkn = 2<€BDRACIWL + EACRBDk ) (50)

where - |
Tack = igBDTABch’ T;_Dk = §5ACTABchv (51)
1 5y 1

Rackn = 56" Rypopi Rhpp, = 55" Rapcpin: (52)

In these relationships the 4 sign with the spinor matrices implies Hermitian conjuga-
tion.

3 Splitting of structural Cartan equations into
irreducible representations of the group SL(2.C)

Matrices (51) and (52) can be transformed in the spinor indices as follows:

TEn =S4 TS + S4 S e (53)
B B' 4B o+D B oB

T},k = 5”r TJE)kSg, SJr S o (54)

R*P = S+B’R+3Dknsg,f?. (56)

Matrices of the transformations S4 and Sg form the group SL(2.C'), and the matrices
Sy (57)
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form the subgroup
SLt(2.0) (58)

of the group SL(2.C'), in which the spinors belonging to the irreducible representation
D(r/2,0) are transformed.
On the other hand, the matries .
S (59)
form the subgroup
SL_(2.C) (60)

of the group SL(2.C'), in which the spinors belonging to the irreducible representation
D(0,s/2) are transformed. These properties of the spinors enable the structural Car-
tan equations to be split into equations that contain spinors transformed in D(r/2,0) or
D(0, s/2) irreducible representations of the group SL(2.C).

Proposition 6.3. The second structural Cartan equations (B) in the spinor A-
basis are split into the equations of the form

Rackn + 2V T acim + QTAE[kT\g\n] =0, (61)
+ + + +F
Ripin T2V o T 2 gpp L = 0 (62)

Proof. We write the second structural Cartan equations (38) as

Bapciin = Rapopim + 2V apenim + 2TapeipT|Cpm = 0 (63)

_Using the fact that the spinor B ,pcpy,, 18 skew-symmetric in the pair of spinor indices
AB and C'D, we will write it in the form

1
Bapciin = 5(EppBackn + ca0 B, ) =0, (64)
where -
Backn = §5BDBA30D1m =0, (65)
1
B;Dkn = §€AOBABCDkn = 0. (66)

Substituting (61) into the equations (65) and (66) and using the matrices (51) and (52),
we will arrive at the structural equations (61) and (62) in split form. In the derivation
we have used the properties (19)-(23) of the fundamental spinor € 45.

Proposition 6.4. Matrices Ty and Tng in the dyad basis £,¢ have the following

form:
Tack = £ac Vi€l = Tack, (67)
T oy = Ean Vi = Ty, (68)

Proof. We write the matrices
Tovk = €', Vieaqi

in the spinor basis, using the rules (30) and (31)
Tapopk = aéDVkUABi' (69)
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Substituting this expression into the first one of (51) gives
1 s
TACk = §€BDO'ZCDV]€O'AB7;. (70)
Using the formula (6), we write 0,5, as

Q*B
OaB; = JaﬁigAéB' (71)

Substituting (71) into (70), we have

1 3D i afﬂ. ]' 7
Tack = §5BD0-0DVk<O-aBi€A£B> 2€BD CD%ka(éAéB) (72)

since Vi(0,4) = 0.
Further, considering that

UiC‘DUaBi = O-Vﬁigég’éaaﬁ.i =
= 61/04(5&5'55‘% = fCagD[p
we will write (72) as
1
Tack = *€ fCaéDg(fBkaA + fAvkgB) (73)
In the dyad basis we have the equalities
7 B 3D )
b =Epsls €7P€psViEp =0

which are conjugates of (3) and (24). Using these equalities, we can easily obtain (67).
Similarly, for the conjugate matrix 7" 53 5,, we have (68).

Proposition 6.5. In the spinor A-basis the first structural Cartan equations (A)
of the A, geometry have the form
d E i _ ,li E
Vikoep = Tiero™ p| - ICF\T/’:]_D =0 (74)

or, dropping the matrix indices,
Vo' — Tyol = ol T = 0. (75)
Proof. Let us take the derivative VkaiCD
) _ i a*B 1 *B @ @ 76’
Viogp = Vi(0,3868p) = 0,5(Ep Vi + 6 Vilp).
Using (67) and (68), we will write this relationship as
Viohs = 0 (Tome e + T3, cog™ 76
KOop = Jaﬁ( CEk§ fD + DFk§C€ ) ( )
Here we have used the normalization conditions
« - 75F
faE’f B = 17 5]3}"5 =
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Multiplying the terms on the right-hand side (76) we obtain, from (71),

Vol — Temo'f — o TS, =0 (77)
or ' '
Vioep = Tiono = oo Tl (78)

Alternating this relationship in the indices k& and i, we obtain the equations (74).

Proposition 6.6. The second Bianchi (D) identities of the A, geometry in the
spinor A-basis are split into the following equations:

V"™ Racin — Reckn T A"+ Rpam TEc™ =0, (79)
n o+ + +Fn + +EFn _
\ R BDkn - R FDkn T + R FBkn TD = 0. (80)

Proof. Increasing and decreasing, using the metric tensors 74, and g;, the tensor indices
in the identities (150), we will write them in the form

% Ravkn — Rebkn Tcan+ Rackn chn = 0. (81)
In this equality we now pass over to the spinor indices using (31) and (32) go get
EF EFch = 0. (82)

* *
n n
V" Ragcorn — Rercpwn I A"+ Repasin T

We now write this relationship in the form

Dy pcprn =0 (83)
where by D" ;. we have denoted all the terms on the left-hand side of (82). Since the

relationship (83) are skew-symmetrical in the pair of indices AB and CD, we will write
it in the form

n 1 n n
DABCka 2 (gBDDACkn + 6ACD+ BDkn) = 07 (84)
where )
n BD n n AC n
Dscpn = 2 DABCDkn 0, D;Dk = 2 DABCDIm 0.

Substituting here (82), we will get (79) and (80).

Physically, the spinor splitting of the structural Cartan equations (A) and (B) implies
splitting into the equations of “matter ” and “skew-symmetry”, just as it has been done by
Dirac in his derivation of equations for the electron and the positron. We can now write
equations that are transformed in the groups SL*(2.C) as

Vikoey, — Tresof|! = ot |OF\Tk]DF =0, (4°)
Rackn + 2V T acin) + 2T apwT (6 = O, (B*F)

and in the group SL=(2.C) as
V[k’ai]CD - ﬂk|CEUg| U[ \CF|Tk]DF - 07 (As)
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Rt

e LT, T+ — . (B*")

+
+ 2V BEW |Dln) —

In the numerations of these formulas s implies transformation in a spinor group. Drop-
ping the matrix indices, we will write these relationships as

V[kai} _ T[ko,ﬂ _ O'[iT]jj =0, (As)
Rpn + 2V Ty — [Tk, To] = 0, (B*1)
V[kcrﬂ - T[kcrﬂ - (I[Z'TI,:}r =0, (A®)
Ry, +2VuT,) — [T, 7] = 0. (B*)

Correspondingly, discarding the matrix indices in the equations (79) and (80), we obtain
V" Rin +[Ren, T"] = 0, (D)
V' i bt R T =0 (D*)
4 Carmeli matrices
Equalities (67) and (68) can be written in matrix form
Ty = £V, (85)

TF =V, (86)

where T}, and £ are 2 x 2 complex matrices with elements T, and £4, respectively.
Multiplying T} by o* ,;3, we can introduce the traceless Carmeli 2 x 2 matrices |7]-[9]

T, = b 5T, (87)

AC...=0,1, B,D...=0,1

with the components

Tm(i‘ —P>, Tn=<7 -\ (88)

CD
AB |00 01 10 11
N\ D _ 0 e —k 7 —¢
(TAB)C 0 B -0 pu 3 (89)
100 |a —p N —«
11 V\y -7 v —v
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where (T,z3)c” is the CD element of the matrices T,,5. Consequently, the complex

conjugate matrices T 4 are

CD
AB|00 01 10 ii
7t P, = W E —F T - 90
(Tip)" ¢ 01 |3 o 7 -3 (90)
0|la -p X —a
ity -7 v —y

Proposition 6.7. In the Carmeli matrices the first structural Cartan equations
(A) of the A, geometry have the form

aij)a-fmé - aABUZ'D = (T(JD) Opp+ OAR(T+ )R 3
—(Typ)c" oy — ot p (T ) b (91)
Proof. We will write the equations (75) as

ka' ka'AB—TC kODE—i-O'CFT

—Ts ol — UAET+E (92)

It is easily seen that the equations (92) represent the difference of the two relationships

Vkaé TC kO-DE—i_O-CFTD ks (93)
VkUAB —TA kO'CB—f—O'AET (94)
Multiplying (93) by 0% , 5, and (94) by 0%, we get
VkUCDJAB To" kUDEUAB +UCFT;FkUAB’ (95)
kaABUCD =Ts" kUPB CD + UAETJrEkUéD' (96)
We now introduce the notation
(Typ)c” = TeProly, (97)
and
Oup = Uf\f';vk’ (98)
and rewrite the relationships (95) and (96) as
Oepoiapy = Tap)a oppy + 05 (T ) s, (99)
Oap0epn = (Tap)o’ opp +0bpy(TE ) p. (100)

Subtracting from (99) the equality (100), we will arrive at the first structural Cartan
equations (91) of the A4 geometry, written in terms of Carmeli matrices.
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Consider now the second structural Cartan equations
(B*1), written in matrix forms

Ry, + QV[an} — [Tk,Tn] = 0. (101)

Multiplying the quantity Ry, by o*,z and 0”.;, we will introduce the traceless
Carmeli matrix

Rygep = Rkngﬁgagp (102)
with the components [44-46|
R vy —Wy R Oy —Pgo
0100 \IJQ + 2A _\Dl ) 1000 — (I)QO _(1)10 )
. Uy —Wy —2A o P2 P
Ryjyg = v, —, . Ryjei = Byy —Dpy | (103
R.. Uy + Py — A Uy — @y
1100 Us + Py -y — &y + A ’
Ry = —Wy + @11+ A Uy — ®gy
1001 7 —Ws + Oy Uy — Py — A

Proposition 6.8. In terms of Carmeli spinor matrices (87) and (102), the second
structural Cartan equations (B°") of the A, geometry become

Rapep = 9opTap — 0apTop — (Top)a" Trp — (T3,)" 5Tar +
H(Tap)o" Tpp + (T5 ) pTop + [Tap Tep). (104)
Proof. We write the equations (101) as

or
Ry = VoTy — VT + T4 Ty, — T, T (106)

Multiplying this by o 150" - p), we will have

Rypop = acDTkUZB - 8ABTnUgD +TapTep — TopTap =

= 0cpTup — 0aTep — (Ocpoap” — Oupocy™) T +

T ap, Top)- (107)
We have used here the condition that
oMok, = 5468 (108)
and the notation
Dpp = 0% 5V (109)

If now in (107) we use the relationships (99) and (100), we will get the equations (103).
Let us write the second Bianchi identities (D*") of the A, geometry in matrix form
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Multiplying these equations by 0" ;;, we will render them in terms of Carmeli matrices
as follows:

o°P REFC’D +‘7EF<VCD AB) RABCD + (111)
+(Vio* ) Rugop [T, Rupep) = 0.
Using the relationship (99), we can rewrite the identities (111) as
aCD REFCD (TCD)AE ﬁ'«AFCD - (112)
<T+DC) REBCD +(TPD)CP EEFCD +
HTF) Rppop +TP, Rppep) = 0.

5 Component-by-component rendering of structural
equations of A, geometry

Let us now write the equations (91) component by component. For convenience, we
will introduce the following notation:

i P S N P
AC’DAB OcpOiag aABUoD = (Typ)a Opp T+

—l—UAR(TJr Vs — (Typ)e” aPD—aCR(T+ V. (113)
Also, we will denote the components of the spinor derivative as
B
= A0 1 114
e (114
110 A

and the components of the spinor A-basis as
B
. A 0 1
o= . . : 115
AB 0|1 = (YO, VY2 Y3 mi = (0w, 2, 6%) )
L m = (€2,8,8) nl=(X°U X% X?)

From (113), the spinor component A’y5,; will be

Aooi = %01 — Boio0 = (Top)o” 0pi + UéR(TOJB)Ri -
~(Toi)o" 0 = o (i)™ (116)
or
Ao = Ooa0i — Ooi0gy = ((TO(J)OOU(ﬁ + (Too)()loh) +
+ (o0 (T5)" + oo (Ti) 1) = ((Toi)o g + (Toi)o' o) —
— (o (T7)% + o (T1) o) - (117)



Using the mnotation of (89)-(90) and (114)-(115) for the components
(T p)a”, (TEA)RD,é?AB and o, ,, we will obtain, by (117),

Dm' — 6§l = (smi + (—K,)?”LZ) - (l”ﬁ%— mi(—g)) -
— (Bl + (—oym’) — (la+ m'(—p)) =

—(@+ B =)' —kn' +om' + (p+e—2)m'". (118)
Since the vectors m’ and [* have the following components:
=% V.y2y?), m' = (w0,

it follows from (118) that

VWV —Dw=@+p—-7V+rU —cw—(p+ec—2)w, (119)
Y —DE* = (@+ B —m)Y* + kX —af" — (p+¢e —8)&, (120)
a=20,2,3.

In a similar manner we find the following component rendering of the first structural
Cartan equations of the A4 geometry

OV —Dw=@+p—-7)V+rU —0w—(p+ec—2)w,

—~

B
NCN R NI N,

SY* —DE* = (@+ B —mMY* + kX — o€ — (p+e — )€Y,
AY® — DX = (y+9)Y 4 (e + )XY — (1 + 7)Y — (T + 7w,
AV =DV = (v+7)V+ (e +8)U — (1 + 7w — (T + 7w,
U —-Aw=—-0V+(r—a-BU+ o+ (u—7+7)w,
OX* = AL = =DV 4 (1 —@ = B)X* + A" + (=7 + 7)€%,
dw— 0w = (i —pV+(p—p)U—(@=fw— (3 - a)w,
5 — 08" = (= WY + (= p) X7 = (@ = HE" — (B— a)é",
a=0,2,3,

o e e e T N N

and the complex conjugate equations (A_.l) — (A_.S) (all in all 24 independent equations).
Let us now look at the equations (107) and write them componentwise. For instance,
we will derive the Ry, component of these equations

Roioy = O0oToi — 801T00 (Too)o Toi — (Too)o' Thi +
+(T+) ( OJB 11Toi + (Toi> OTo() + (Toi) 1Tlo +
T

)
+(T10) Too + (T1+0)10 i T LoiToo — LooTho- (121)
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Using the matrices (89)-(90), (103) and the spinor derivative (114), we can represent

(121) as
Y - B 06 —o € —K
<\I/2+12A —‘P?) _D<,u —6) _5<7T —€>_

. B —o P B A F).
w —p v =y ™ —€
8 —o € —K a —p (122)
te w —p0 +5 T —€ 7\ A —oz>+
_ (e —k (B —0
o) (0 )

n 8 —o e —Kk)\ _ [& —kK 6 —o
po =B T —€ ™ —€ po=5)"
These equations split into the following three independent equations:

(D—p+e)f—(0—a+me—(a+m)o+ (u+7)k— ¥ =0,
(D—p—p—3c+8o—-(—17+7—a—30)k— Yy =0,
(D—p+e+e)p—(0+7—a+f)r— oA +vk—2A— Uy =0.

Similarly, we will obtain the following independent equations (B**):

(D—p—ec—8)p— (0 —3a—[+mk—

—00 + TR — ®gp = 0, (B*F.1)
(D—p—p—3c+€)c—(0—7+T—a—30)k—
—Wy =0, (B*t.2)
(D—p—c+e)7—(A—=3y—7)k— p7 — 0T — TO—
W, By =0, (B*+.3)
(D—p—2+2)a— (6 —B+m)e— 36+ KA+ FRy—
—1p — $1p =0, (B*+.4)
(D+e+e)y—(A—y—F)e—(t+Ma—(r+7)5—
—7T+vk+A—Vy — Dy =0, (B*t.5)
(D—p+3—-2)A—(0+74+a— )T — uo + vk — Py = 0, (B**.6)
(D—p+e)f—(0—a+7me— (a+m)o+ (u+7)x—
P, =0, (B**.7)
(D—p+e+e)p—(0+7—a+0)mr — oA+ vr—
97N — Wy =0, (B*+.8)
(D+3c+e)v—(A+p+y—7)1m —put — (T+7)\—
Wy — By = 0, (B*+.9)
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A+p+a+3y—)A— (0 +3a++7—T)v+ ¥, =0, (B**.10)
O—a—B—7)p—(0—3a+B)o+7p— (n—H)k+

U, — By =0, (B*".11)
O—a+28)a—0+PB)8—pup+oX—(p—p)y—
—(p—T)e— A+ Uy — By =0, (B**.12)
(—a+30)A—0+m+a+B)u—(p—pv+
+7+ Wy — dy; =0, (B*+.13)
—17+a+0)y—(A—~v+75+upu)ps—pr+ov+
+ev — aX — Py = 0, (B*F.14)
(6 —T+38+@)r— (A+pu+y+7)u— I+
7T — Bgy = 0, (B**.15)
b—7—B4+a)T—(A+pu—3y+7)o— Ao+
KT — Bgy = 0, (B**.16)
A+p—y=F)p—(+8—a—7)T+0A—
—vk+2A+ Uy =0, (B5+.17)
(A=F+ma—(0+6-7)y—(p+ev+
+(7 4+ B\ + Uy = 0. (B**.18)

In addition to these equations, the second structural Cartan equations (B) include the
complex conjugate equations

Rf, +2Vy Ty — [T, T,7] = 0. (B*7)
We can write these equations in terms of components by replacing the equations (B**.1)—
(B*.18) by their complex conjugate equations.
6 Connection of structural Cartan equations of A, geo-
metry with the NP formalism

In 1962 Newman and Penrose 3] put forward a system of nonlinear spinor equations,
which appeared to be extremely convenient in the search for novel solutions of Einstein’s
equations. In the work [10] by the author of this book is was shown that the equations of
the Newman-Penrose formalism coincide with the structural Cartan equations of the geo-
metry of absolute parallelism. Indeed, with spinor Carmeli matrices T}, one can connect
the spintensor T} 4~ using the relationships

(TCD)AP = TAPkUch = TPACD = _5PFTFACD~ (123)

Using the matrix elements (162) of the Carmeli matrices and the fundamental spinor

0 1
€AB=8AB=<_1 0>,

16



we will obtain the following notation for the components of the spintensor T 5. p:

CD
AB |00 01 10 11
Tyupep= 00 [k o p T - (124)

01)| e B a v
11 |7 p AN v

Proposition 6.9. First structural Cartan equations of the 4, geometry coincide

with the "coordinate equations" |3|
. . P . .
O4p0cp — OcpOyp =€ Q(TPACDUEQB —Tpcapoop) +
RS (7 j il i

+e (T rppcoag — Thopadcs) (125)
in the Newman-Penrose formalism.

Proof. We will write the structural Cartan equations (A) of the geometry of absolute

parallelism as
aCDUixB - aABUE'D = (TCD)A JPB + ‘7/1}2(T+ ) B
(TAB)C O'PD — UCR(TJr ) b (126)

Using the relationship (123), we will represent the equations (126) as

, . p , ,

IepTap — Oapoop = — (5 Q(TPACDOEQB —Tpoapoop)t
RS (5 j 73l i

+ & (T pppeotys — Thappades)) -

It is easily seen that these equations are equivalent to (125).

We now write the well-known decomposition of the Riemannian tensor Rk, into
irreducible representations

1
— < Rgipngnj, (127)

Rijim = Cijkm - 29[z’[kRm}J] 3

where Cjjk, is the Weyl tensor (10 independent coordinates); R;; is the Ricci tensor (nine
independent coordinates); R is the scalar curvature. The spinor representation of these
quantities using the Newman-Penrose formalism looks like [11]

Cz’jkm — \I]ABCDEAB‘C’:C‘D_'—&ABgCD@ABC’Du (128)
Rij < 2% ypip + 0caBE ip, (129)
R = 24A, (130)

where spinors V¥ pcp and @ 45 i have the following symmetry properties:
Vapcp = Yasen):  Papip = Pap)is- (131)

By definition the spinors ¥ pcp and @ , 5 i are transformed following the D(2.0) and
D(1.1) irreducible representation of the groups SL*(2.C'), respectively.
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If we now put in juxtaposition to the Riemann tensor R;ji,, a spintensor following the
rule

Rijk:m — RAABBCC‘DD’
then in terms of the spinors (128)-(130) it can be written as
Ruippeepp = Yapepeigean +apeen¥ ipep +
+CI)ABC’D€CD8AB + CDCDABgABgc"D + +2A(5A05BD5AD5CD +
+5AB<€CD5AD5]'3¢)- (132)

This spintensor being skew-symmetric in the pair of indices AA and BB, we will write
it as

Rapopppro = 5Epslacppro +eacRipppro); (133)
where
Rycppro = EsEBRAECBDPFQ’ (134)
) AC
Rppppro = 57 Rapcsppro: (135)

Substituting into these relationships the equality (132) gives

Rucppro = Yacprepg + P acoperp + Aepy(ecpear + €apecr), (136)

Rpppipo = €pP¥ pppo + Poepptop + Aepp(egpepg + €5pEn0)- (137)

Proposition 6.10. The second structural Cartan equations (B**) are equivalent
to the equations [3][40]

\I/ACDFgEB+(I)ACBEEFD+A5EB(5CD5AF+ (138)
+eapecr) — OppTacre + OppTacps +

PQ

+e (TAPDBTQCFE + TACPBTQDFE - TAPFETQCDB -

~TyoriTorps) +

+e™(TaeprT spir — Tacrid spsp) =0

in the Newman-Penrose formalism.
Proof. We write the equations (B*") in terms of the Carmeli matrices
Rppps = OppTrs — aEETDB - (TDB)FSTSB -
—(T{p)" 5Twi+ (Tpp)p " Top +
+(T;§F)FBTDF + [Tep Tpg)- (139)

Using the relationships (123), we can represent the equations (139) as

S

RACFEDB - 8DBTACEF + aEFTACDB +T FDBTACSE‘ +
—F 5 —F

+T EBDTACFF -T DFETACSB -T BEFTACDF +

+5PQ(TAPDBTQCFE —TaprToeps) =0,
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or as
Racrips — OpsTacer + OnrTacps + €7°TuppsTocrst
+Tucrslopri _FAPFE‘TQCDB _7TACPETQFDB)+ (140)
+e" (TaoppTspir — Tacril spip) = 0,
where we have introduced the spinor indices in the matrices R,z and T, following
the rule
Rypep = Bppapep = REFanfZBUZDa (141)
Typn— T, > = Topro” ..
AB CDAB CDKO 55
Substituting into (140) the relationship (136), we will arrive at the equations (138).
Spintensors ¥ 4pcop and @ , 5. have the following notation for their components [38]:

B

AB 00 01 11
\I/ABCE: 00 \I’o \Ifl ‘112, (142)

01| — — Uy

11 (- - Uy

CE

AB| 00 01 i1

(I)ABC‘E: 00 (I)()o (I)gl @027 (143)

01 | @19 P11 Py
11 | @yp Doy Do

A=A7. (144)

Using the relationships (114), (115), (124), we can expand the equations (126) of the
Newman-Penrose formalism component by component to arrive at the equations (A.1) —
(A.8) plus the complex conjugate equations. Using the relationships (142)-(144) and (114)
we also can expand the equations (138) of the Newman-Penrose formalism componentwise.
We will thus end up with the equations (B**.1)-(B**.18).

The spinor counterpart of the dual Riemann tensor

* 1
Rijkm: igkmspRijsp (145)

can be written as
* . —
Raippcepp= 1t (5AB€CD‘I’ABCD — VaBone igcen—

—Qopipcasep T Papepéoneipt

+2A(5AC’53D5ABEDC’ ‘|‘5ABEC’D5ACEBD)) . (146)
It follows that
‘ 1 ,
Rapcper= §5PQRABCDEPFQ = —i(—eppVicprt
+8EF(I>ACBD+A€BD(€AEECF+SCE€AF)), (147)
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also
7 EF . =
Rapeppo= 58 Rapcppprg =1 (c4cTsppo—
—5PQ$ACBD+A5AC(5DP53Q+5BP5DQ)) . (148)
The dual Weyl tensor &Mm corresponds to the spintensor of the form
* * ) o
Cijkm—Caippocpp=1€aecp¥ ipep — YaBeDe ipten)-

The self-dual spintensor R ;0 ppp Will be

Rapoper =1 Rapchpr= YACEFERD, (149)

whereas the anti-self-dual tensor is
Rupeppo =1 Rapeppo= €ac¥ gppo- (150)

Proposition 6.11. The second Bianchi identities (D**) of the A, geometry in the
spinor A-basis can be represented as

FEGHRX q L R F
272~€CD OpxBapcire — YaporT ' F p

—3WrppaTe)™ p+ PrppxTac™ +
X X
+ 53T po+ PuppxT pc =0, (151)

where

€

CDFEGHRX _ _;(CG_RF_DE_HX _ CF_GR_DH_EX) (152)

Proof. We will write the equations (79) as

V" Rackn — Reaen Tc™"— Rapra Te™" = 0. (153)
Multiplying these equations by agb gives

FE ¥ o *  on_. FE
0"" Rpacpri + Rpacpre V'on =+
N ) .
 _k aFE _ RS
+ Rparsri Ocp0 0k —

PFE }

— Rppepri T — Rpacpre TBPFE =0. (154)

Here we have used the relationships (94) and (133). Substituting into (154) the rela-
tionship (148), we will get

: i PRFE PR FE
iDypep + Ariri' (Ui(JDRBA — 20" "Rpacp ) =0,
where Ap;pp' stands for the equations (125), rewritten as

. . . P . .
Aupen' =040 cp — Oopo’ g5 — —€ “ (TPAC’DGzQB - TPCABUlQD) -
RS (5 j eal i
~e" (T pppe’ 1 — Tappaccs) =0, (155)
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and D ,p-p = 0 defines the equations (151)

o FEGHRX o L
Dapep = Z‘C’:CD OrxRapcrire

~UapcrT r" ) = 3V rppaTey™ )+ Ppppx Tac™ +
=X =X £
+@,px5T p o+ PappxT poc =0,
which proves the Proposition.

Proposition 6.12. The second Bianchi identities (151) of the A, geometry
coincide with the Bianchi identities in the work by Newman-Penrose |3].

O W appc — aX(Cq)AB)DX — 3UppapTe)y™ ) — (156)
—UapcrT R p + 2TP(ABX(I)C)PXD -

sl XV

“Tipia®se)™ =Tx" va®sey™ p =0,

38ABA + 8PX(I)APBX — EVW ((DAPXWTBXVP‘i' (157)
+8 455" Towrs” ) + P Ta Py +
&, T rRy =0

Proof. Using (147) and the equality

l RX FEGHRX
Rapep =~ = Byl Rapcrre
we find that in (151)
I ricirx RX
Z‘%D OpxBapcire = OpxRapep =

= Opx (€DX‘IJABCR — é‘AB(I)cRDX — AEDX<€CA<€BR + 5BA50R)) )
Substituting this relationship into (151) gives

O 5V agpo — 0™ Py ppx + 2e0(A0p) pA — UaporTRrt ) —

. 7)'( .
—3UrppaTey™ p+ PrppxTac™ + CupxsT pc+
+® ,ppi T pEe =0 (158)

The part of (158) symmetrical in the indices C' and B can be written as (156); and
the part skew-symmetrical in these indices looks like (157).

By writing the second Bianchi identities (D*%) of the A, geometry component by
component, we obtain [3]

(D —4p —26)¥; — (6 — 4o+ m)¥q +
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—(D — 2p — 28)@01 — 2/1@11 +
+20P19 — KPoe =0, (D*".1)

(D —3p)¥y — (0 + 27 — 2a) ¥y +

+26W3 + AUy + (6 — 2a +

+7) D19 — (D — 2p) P11 — KDy —

—F®1g — u®oo + 7Py + 0Py — DA =0, (D**.2)

(D —2p+26)U3 — (0 + 3m) Uy +

+2AU; + kU + (6 — 200+ 20 +

+7) Doy — (D — 2p + 2e) Dy —

—2u® g + 27Dy — FDgy — 20A =0, (D*F.3)

(0 —41 —20)¥; — (A — 4y + p)¥o +

+30VUy + (0 — 20 + 27) gy — (D — 2 + 22 —
—D0) Qo2 — 26D + 20D, —

—APy = 0, (D .4)

(0 —37)Uy — (A +2u —27)Vy +20V;5 +
+vUy+ (6 +27) Py — (D + 22 —

=) P12 — KPoy — 1Py + TPg2 +

Foby — APy —6A =0,  (D*.5)

(0420 —271)Vs5 — (A4 3u)¥s + 20V, +
+oWUy + (0 + 20 + 27)Dyy —

(D 426425 — 7) Py —

C2uByy + 21Dy — Aoy — 2AA =0,  (D*F.6)

(D+4e — p)¥y — (0 + 47 + 20) U3 +
+3AU, + (A + 2y — 27 4+ 1) Py —
—(6 4+ 20 — 27) Dy — 20Dy +
+2AP; — 7Py =0, (D°F.7)

(0+48 —71)Vy — (A +2y+4p) V3 + 30V, +
+(A 42 + 270) Poy — (0 + 200 +
+208 — T)Pgg — 20Py; + 2AP 1y —

—vPy = 0, (D**.8)
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(D —2p—2p)Py; — (6§ — 200 — 27 +
+7)P1p — (0 — 2T — 2+ )Py +
H(A 42y =2+ pu+ 1) Poo +
+EP12 + KPoy — TPy —

—0®yy + 3DA =0, (D**.9)

(D —=2p+28 —p)P1s —

—(0 427 —27)®y; — (0 +28 —
—2a—T+m)Pge + (A + 27 — 27 +
+11) Doy + £Poy — TPy —

APy — 0Py +36A =0,  (D*.10)

(D + 242 —p—p)Pyy —

—(0 427+ 28 —7)Py — (6 +

+2B + 21 — T)P1o + (A + 21 +

+271) P11 — TP1p — vPo1 +

+ADy + AP + 3AA =0.  (D°*.11)

To arrive at the complete set of the second Bianchi (D) identities of the A, geometry,
we will have to add to these equations their complex conjugate (D*7).

7 Variational principle of derivation of the structural
Cartan equations and the second Bianchi identities
of A4, geometry

To begin with, we will consider the derivation of the structural equations (B) and

of the second Bianchi identities (D) for self-dual and anti-self-dual fields of Riemannian
curvature, whose Carmeli matrices obey the conditions

where
Rf, +2Vy Ty =1, T,7] =0,
and )
Rin= §5knpsts,

] 1
R kn — §€knpsRI—):.
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Let us take the Lagrange function in the form

1
L= —Z(—g)l/QTr(R;mRk”) + complex conjugate part. (159)

Varying this expression in T}, and T}, we will arrive at the equations (D)

V'R, 4R, T =0. (161)
For arbitrary fields of Riemannian curvature the Lagrange function looks like

1 * 1

Variation of this Lagrangian in ékn and RTy, vields the second Bianchi identities (D)

vn ]Ekn +[]*%kn7 Tn] = 07 (DS+)
V" R* o +[R 1, T = 0. (D7)
On the other hand, variation of the Lagrangian (162) in Ty and T gives the second

structural Cartan equations (B) of the A, geometry

Rkn + 2V[an] - [Tk7Tn] = 07 (BS+)
Rf, +2Vy Ty — [T, T,7] = 0, (B*")
and

* 1
knps
Rin= 55 P Rps;

o 1 nps

R, = 5& PR

Independent variables in the Lagrangian (162) are the quantities Ry, R, , Tk, and T} .

To obtain from them using the variational principle, the first structural Cartan equations
(A) of the Ay geometry 4 4 4

V[kad — T[kaﬂ — O'[lTa_ =0, (A®)

we will have to introduce into the Lagrangian (162) as independent variables the matrices
o'. This can be done by modifying the Lagrangian (162) as it has been done in [12].
We now write the equations (A), (B) and (D) in spinor form :

(4) A asen =0, (163)
(B) Bppacps = 0+ c.c. equations, (164)
(D) D,pep =0+cc. equations, (165)
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where

. . . P ‘
Agep = 0apoep — OcpTap — € Q(TPACDUZQB - (166)
_TPCABUEQD) — € (TRBDCUZS' -

_ i
~Trppaceg) =0,

P
BACFEDB = RACFEDB - aDBTACEF + aEFTACDB + +€ Q<TAPDBTQCFE +
+TacreTopre — TarreToeps — TacreTorps) + (167)

+e™ (TacprT spir — Tacrid spsp) =0,

Dygop = ZgCDFEGHRXaRXRABGHFE — —WapcrT" v p = 3WrppaTey™ p +

. 7X' . 7X' .
+PpppiTac™ + CapipT plc+ Pappx T 5 c =0 (168)

and consider the Lagrangian

*

: 1
Ls =R BQ-Aan ((2VHTAB;€ + QTPAnTBPk) — 4RBPAPnk> + c.c. part. (169)

Here R BQAQk” = S"kijBQAQjm and €™M is a completely skew-symmetrical Levi-
Chivita symbol. .

If we take RBQAQ’“” and Tpa, to be independent variables and use the conventional
variational procedure, we will obtain the following equations:

1 .
(B*) iRBPAPk’n — 2V Lapm) + 2TpapT " |5 = 0, (170)
(B*7) complex conjugate equations, (171)
(D) V¥ Rpoa Cuk — 2 Rpoa Qe Th) =0, (172)
(D7) complex conjugate equations. (173)

Multiplying equations (170) by o, p" 0" gives

OrpTapep — OopTaprs + TPAFETgAD - TPAC’DTgFE -
1 n n
_iRBQAPFECD + Tun(Ocporp" — Oppocp™) = 0. (174)

Using the notation (166) and (167), we will write (174) as
Bacrips + A" cprpTasn = 0. (175)
We will now multiply (172) by o.p" to get the relationship

FE ) u ) k _ FE
0" R poacpprt Reoa CopprV'ior™" +
* ; FE _RS
+ Rpoa QRSEFUnCDa 0 n—

— Rpop YeppirTa” = Rpoa CoppiTs’"™" =0 (176)
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or, from (166) and (167),

. n 1 x JPREF PR ) _EF
iDypep + Aripi (2‘7ncD Rpoa 9 RBQA QCD ) = 0. (177)
Here we have also used the relationship
Rpga “oppr =1 (2¥pacreps — 260r® appjs + 2Ae pp(epreact
+epcear)) -

It is clear that from the Lagrangian (169) it is impossible to obtain the first structural
Cartan equations (A) of the A4 geometry, since it does not contain o, ;"
Let us add to the Lagrangian (169) the term

ABCD
NABCD i (178)

where the quantities N\ABCD play the role of Lagrange factors

L,=Ls+ )\ABCDAJABCD + c.c. part. (179)

The quantities AABOD, just like AABCD,

mmetrical in the pair of indices [12]AB and C'D. Varying the Lagrange density (179) in
oop” gives [12]

are Hermitian matrices, which are skew-sy-

Ao =0 (180)
and
Dapen = Uk 9nB ()‘ZXPR )‘AXPR) =0. (181)
Since A, ., are Hermitian matrices, from (181) we have the equations (D*)

Hence varying the complex conjugate part of the Lagrangian (179) gives
D igep = 0. (183)
and of the Lagrangian (179) in RBQAQ’“” gives
Bacreps + A cprpTapn =0 (184)

or, from (180),
Bcrips = 0. (185)

Variation of the complex conjugate part in EBQAQ’“” yields

FACFEDB =0. (186)

It has thus been shown that from the Lagrangian (179) follow the first and second of
the structural Cartan equations of the A, geometry (equations (180), (185) and (186)),
and also the second of the Bianchi identities (equations (182) and (183)).
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8 Decomposition of spinor fields of A4, geometry into
irreducible parts

The Ricci torsion tensor Q];C of the A, space has 24 independent components, and it
can be represented as the sum of three irreducible parts as follows:
; 2, I, as &
where

O = 9" s (188)

.8
mj

and the vector €2;, pseudovector Qj and the traceless part of the torsion ﬁzjk are given by

Q; = Q.ijw (189)
~ 1 ins
Q; = §5jinsQ ; (190)
ﬁ?gjs = Oa ﬁijs + ﬁjsi + ﬁsij = 0. (191)

In the spinor basis the spinor representation of the Ricci rotation coefficients Ty 5» has
the form [40]

1 1
Tapoe = B (AABCC + g(EACaBC + 6BCaAC‘)> ; (192)
where the spinor A . is completely symmetrical in the unprimed indices
Aupce = A(ABC’)C‘? (193)
and the spinor a g is given by

In turn, the spinor o, can be decomposed into the Hermitian and anti-Hermitian
parts:

Qe = Kae = Uhaes (195)
where 1
Rac = 5(aae +aic),  kac = ilaae — Tic) (196)
and
Rac = Fac = Kci»  Pac = Hac = Hoa- (197)

The irreducible parts of torsion (189)-(191) and the spinors (193)-(197) are related by

Q) hye (198)
Q) — tae, (199)
—k
Q.js — A,pce- (200)
Since
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we have

Quissoe — Qijk, (202)

1 _
Quisbce = 5 Qapccis + Lipecean), (203)
Qapoe = Aciapye + Qegn)c (204)

By definition, the spinor A ,z.¢ is transformed in the D(3/2.1/2) irreducible repre-
sentation of the group SL(2,C). Consequently, the spinors s 4 and p ¢ are transformed
in the D(1/2.1/2) irreducible representation of the group SL(2.C'). Using the relationship
(124), we can find the components of the spinors x4 and p ¢ [13]

) _:< Hp+p)— Me+2)

o= {5+ Lo —m
z -:¢< 2(p=p) =5 -7 1<T—5>_§(0‘_”)> (206)
AT\ =B +ila=m) s0-T) —5u-n) )

The Riemann tensor represented in terms of irreducible parts is

DO [ =0 [

(t+08)+i(a—7)
(47— S+ 7) ) | (205)

1V}

1
Rijkm = Cijim + i Bl + g Bmpi + §Rgi[mgk]j- (207)

In the spinor basis this becomes [3]

Ryipscepp = Yasepeipgeep T +eapeep¥ipep + Papepceneip +
+DpipcaEen + 2M(eaceBpe igep + HEABECDE ipEe)-
We also have the following connection:
Cijkm «— Vapcpe ipeep +€aBecp¥ ipeh
Rij — 2(I>ABC‘D+6€ABECD’ (208)
R «—— 24A,

where the spinors ¥ apcp, ® 450 and A meet the following symmetry conditions:

Vascp = Vapen), Papep = Pupycpy A=A

and belong to the D(2.0), D(1.1) and D(0.0) irreducible representations of the group
SL(2.C), respectively.

9 Spinor set of Einstein-Yang-Mills equations
In the first part of the book it was shown that the structural Cartan equations of the

geometry of absolute parallelism (A) and (B) can be represented as an extended set of
Einstein-Yang-Mills equations

Vet + T[Z}Cj]eai =0, (A)
Rjm — 2gimR = VT, (B.1) (209)
C jiom + 2V T jm) + 2T T ) = —v I jgm- - (B-2)

28



We will write this set of equations in the spinor basis. To this end, we will make use of
the Carmeli matrices and the Newman-Penrose spinor formalism. Suppose now we have
the right spin A4 geometry, then its equations (A) and (B) have the form

o L6 NP i
Ocpop — Oapoop = Top)adps +

0w (T5 )5 = (Tap)copp — 00p(TE,) 5, (A%

| Rapep = 9opTap — OasTop — (Tep) i Tps —
—(T3 ) 5Tae + (Tap)cTrp + (T5 ) pTor + [Tap Tep),  (B*)

where the components of the matrices o°, 5, Ty and R0 are given by (115), (88) and
(103), respectively.

Proposition 6.13. Equations (B.1) in the spinor basis are
20 4pop + Acaneep = VT acpp- (210)

Proof. In terms of the irreducible spinors (208) P — @) the components of the spinor
matrices R,y p are given by [14]

(Rapen)p® = epp (Voar? = Mepcd? +epadd)) + eca®ppp, (211)

where
(Capen)r® = epg¥oar® (212)

are the P — () components of the spinor matrices of the Weyl tensor with the the compo-

nents
v, -V Vs —W
Coiop = < \I,; _\D(l) ) v Chig = < \I’i _\I,j ) ,

v, —WU -, U
Cli()() - ( \Ijz —\If; ) ) 01001 - ( —\I/;z)) \I/; ) ) (213)

and related with the spinor AEDB(EP(;&AQ + epadc?) and ECA@PQDB are the trace and
traceless parts of the Ricci tensor

1

A5AB€CD = _ZUkACO'nBDngm (214)
1, 1
P ypen = 97 Ac? BD (Rkn - 4gknR> : (215)
Substituting relationships (214) and (215) into (210) and multiplying the resultant

expression by 0AC, oBD | we arrive at the equations (B.1).

We now represent the matrix R,z as the sum

Rapep = Capep +VJapeps (216)

where the matrix current J, ;. has the components [15]:

170 0 L0 =T
JoioO:2<éT 0>, Jmo=2<0 5 )
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1 Tyooq —
T — 1000
1000 2(
1

0000
. . P . . ?
T1010 1000
) |

T o T
Jooo— — [ toiii 0ioi 017
Jois — 1 Tiiop —Toioo | _ } %T 0
109 Tini —Thioo 2 0 —éT ’
T — 1 Tioe —Thion +1 —%T 0
L2 \ Tyoni —Thion 2 0 %T
Here
Typen = UkAC‘UnBDTkm (218)
T = ¢" Tjm, (219)

and the energy-momentum tensor Tk, is given in terms of the Ricci rotation coefficients
by

2 7 % S
Tim == VT + T T~
1 mn % % s
_597’ 9im (V[z\ﬂp‘n] + TS[Zﬂpn]>} . (220)

In the special case where the field T is skew-symmetric in all the three indices, the
tensor (218) is

1/~ » 1 A
T, == (0.0, — - mQQ) 221
j 1/( J 29J (221)
Multiplying this by ¢ ,,0™ 55 and using (199), we get
1 1 .
Tapen =7 (MABucD - 2€AC€BDMPQMPQ> : (222)

In addition, we obtain

- AU ~

Hence the “density of spinor matter” is
p= —— pipei™?. (224)
ve2 PR
We substitute (6.217) into the spinor equations (B*") go get
20 ypep + Acaneep = VTacpp (B*".1)

Capenr = OopTap +0upTep + Tep)alrs + (TEC)ETAF—

_(TAB)gTFD - (TEA)STCF - [TABﬂTCD] = _VJABch- (BS+.2)
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To conclude, we will write the extended set of Einstein-Yang-Mills equations as

801’)‘723 - aABUéD = (TCD)AUPB + UAR(T+ )
_(TAB)EO—;D <T;_A)D’ (As)
2% ypep + AgABch = VT ¢ (B**.1)
Capen = OcpTap +0a5Teop + (Top)iTrp + (T, )FTAF
_(TAB)gTFD - (TEA)ETCF - [TABv TCD] = _V‘]ABCD' (Bs+-2)
where the spinor indices take on the values A, B,D...=0,1, A,B,D...=0,1.

10 Formalism of two-component spinors. Geometrized
Heisenberg eqations

We will introduce the two-component spinors o* and i® [16], connected with the com-
ponents of the spinor dyad &5 as follows:

§ =0% & =1 & =08 =17,

afB...=0,1, &fB...=0,1.
From the orthogonality condition for the spinor dyad

e =1,
£ = —Ea&5 =0, (225)
16, =0.
€080 — a0 = O,
065 — Eall = €ap (226)
where
6 0 1
_ LB 7 N
Eaf = € —5%—57—(_1 O)’ (227)
we derive the normalization condition for the two-component spinors
0al™ = —1,0% =1,
0%0q = —0,0% =10, %14 =0, (228)

and also the relationships
gB — o P — LQO’B, €aB = Oals — Ogla, gg = ogt” — 1,0°.

Spinors 0% and i” define the components of the Newman-Penrose symbols (6)

o'y = 0L €4 (229)
as follows: ) )
aéo = aiﬁoaéﬁ =1, Uii = aiﬁLaZﬁ =n', (230)
opi = Jéﬂoo‘zﬁ =m', oy =0 Lt oo =m'.
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The vectors I*, n’, m’ and m’ form an isotropic tetrad. The conventional tetrad e’,

can be made up of the vectors of an isotropic tetrad using the relationships

-9 .

a,(.i ’
e = (2)7Y2%i(m! —m') = 2)_1/2026(0%5 —1°97),
ey = (2)_1/2(l1 —n') = (2)_1/2025(06“55 — LO‘Zﬁ).

1 ..
_ BD _i .
Tacrk = 5¢ e VEO ABis

vaﬁ = U;ﬂvl
we find the following expressions for the components of the Carmeli matrices [17]:
—K = OOCUBOVVOCBOW, -\ = LQEBLPYVO(BLW,
—p = LQE’BOWVQBOV, - = oaaﬁnvaﬁ-%
—0 = OO‘ZQOVVQBO,Y, —€ = oabﬁﬂva[gow,
-7 = LO‘ZﬁOVVaBoy, -0 = OQZBL’YVQBOW
—v = Lazﬁﬂva/@% —y = LO‘Z%WVOCBLW
—p = oaiﬁﬂvaﬁ-bw —a = Laaﬂmvaﬁ%

Uy = \I/Olﬁx(;OaOﬂOXOd, U, = \IjaﬁX(San’goxl,é,
Uy = \I/agxgoaoﬁbeé, Yy = \IJQBX(;OQLBLXL(S,

v, = ‘I’agxgbaLﬁLXLé,

@00 = 600 = (I)aﬂx(;OQOBaxaé, (1)01 = 610 = (I)aﬁXSOaOﬁUXZ(.S,
@02 — @2 = @aﬁXSOaOﬁzxzé, @11 = @11 = CI)aﬁXSOQLBUXZ(S,
Dy = Py = q)aﬁxgoaﬁlx?é, Dyy = Ogp = CI)a/BxSLaLBZXZCS'

It follows from (234) that

V 800 = 704030y — (t04,08Ly, — 30430y + €04L3Ty—
—Tla0B0y + Pla0gly + OlalaOy — Klalply,

Vigyla = V00805 — N0q0gly — [104L30x + TOuLaTy—
—YLa080y, + Qla08ly + BlolgOy — Elalgly.

This equations generalizes the nonlinear spinor Heisenberg equations.
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