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(A,B)

ôK��ñ�ÿ
øHö�ü<ó<ü�� ÿ(ðÁõ���ñ�ù@ü��Õõ<ñ��

�ø%_U���£ÿ(ð³ö�ø��p�äö�õ<ñ��}a�øHÿ(îHý���ñ�ö�ü�*-,EV�. ú3�>þ%ð�þ%óHý/ÿoö�ðÁò¿øHó<ñ�ô³ñ�ÿ3��ÿP
�ø���øHÿ(ðÁõ���øHÿP

��ñ/þ�øHöwô³ÿ3��ô��
@��%ð³ù�õ���ü<ÿ
ø��³ö�ñ�õMö�ü��³ü

Re
ñ3ô³ñ����<ö�ü��³ü

RN
ò¿ø��Y�/þ%ü<ó��9$J��ø�þ%ñ�ýMô³ü<ó

ds2 = −Φ[c dt+ 4RN sin2(θ/2)dϕ]2 +
dr2

Φ
− (r2 +R2

N)(dθ2 + sin2 θdϕ) , (2)

Φ = −1 +
rRe + 2R2

N

r2 +R2
N

.

6�

S�ðÔþ%ð��%ð
RN → 0

þ�øHö�ö�ø���ÿ(ü¿þ%ð����6þ%ü���B~ö�ø4
�ð	S�ð�$Mü¿þ%ñ�õ���ó«óMøHù�ý@ý/ÿ(ö�ý��P@��%ð³ù�õ�S�ü¿þ%ñ�ö�øHÿ(ñ�ù�ýMúõ'øHù�ù/øHùbS�ð���ðÁö�ñ�ð­õ<ñ

�ø�_���axô
Re 6= 0, RN = 0

@³ù�ó<ñ�óMø��%ð³ö�õ<ö�ü�S�ð���ð³ö�ñ
�wõ<ñ

�øehdóMø�S
����ñ����'þ�øô
Re 6= 0

&
�Iæ~�k��éC��é@ëc�
v���è���ëc�
x%è�x�����éCx���ì�ì��c���Y�<éY{#ë�ìN{�è)�cx���é0�O�J��æ7�|�%ðÔþ�ý���ï�ñ�ÿ�@ÔõHø�
�ü<ÿ

S�ø'òBó<ñ�õ<ñ���ÿ(üBþ%ð��%ñk��ó<ñ���øHô	��õ<ð³ü�S�ñ��bS�øHô³ô³ð���ö�ñ���ù�óMøHö�õ<ü<ó<ü���î<ð³ô³ô	
�ñ�ö�ü<ó<ü���û�øHôÁõ<ñ
�
�Õó^
�ü��%ð9_���a
* ���A,E[�.I&

��
�ü<ÿ(üHï2����

S�ü���ðÔþ�ý�S
��S�ø'òÁþ%ð��%ð³ö�ñ��j
�ð	S�ð³ÿ(ð³ö�ö
�D$

ψ(t, r, θ, ϕ) = exp (−iE
~
t)

χl(r)
√

r2 +R2
N

Plm(θ) exp(imϕ) , (3)

ñ�ò�ý�S�øHó<ö�ð³ö�ñ��jqe�%ð	��ö�ø�� s ü<ù�ø ö�øÐ÷�ü<ö�ð�ÿ(ðÁõ�S�ñ�ù�ñL�IH�!
[

1√−g
∂

∂xi

(√−g gik ∂

∂xk

)

+
µ2c2

~2

]

ψ = 0, (4)

î��9�%ñO
�ü���ý/û�ð³ö
��S�ø�þ%ñ�ø����<ö�ü<ð�ñ�ý��d�%ü<ó<ü<ð�ý�S�øHó<ö�ð³ö�ñ���þ
����ó<ü��%ö�ü<ó<ü���÷�ý/ö�ù
��ñ�ñ5&
�����%ü<ó<üHð�ý�S�øHó<ö�ð³ö�ñ�ðbqe�%ð	��ö�ø�� s ü<ù�ø��`_e��aló��T�d���/þ%ñ�õ~ô��%ðÔþ�ý���ï ñ�ÿ�ü<î�S�ø'òBü<ÿ

{

sin θ
∂

∂θ

(

sin θ
∂

∂θ

)

+

[

L sin2 θ −
(

4RN
E

~c
sin2 θ

2
+m

)2
]}

Plm(cos θ) = 0, (5)

�Äþ%ð
l
ñ
m

RÕø'òBñ�ÿ�ý@õHø����<ö�ü<ð�ñ�ÿ
ø��³ö�ñ�õ<ö�ü<ðvù�óMøHö�õ<ü<ó���ð�û�ñ�ô���ø�ú
L

R ù/ü<ö�ôÁõ'øHö�õ'ø:S�ø'òÁþ%ð��%ð³ö�ñ��5&
6­ó<ðÔþ%ð³ÿwô��%ðÔþ�ý���ï ñ�ð�ü<î<üHòBö�ø�û�ð³ö�ñ��

r

RN

= ξ,
Re

RN

= G,
E

µc2
= γ,

RNµc

~
= δ, C = 2γδ, x = cos θ

V



ñ3ôÄþ%ð���øHð³ÿwò¿øHÿ(ð³ö�ý
Plm(x) = (1 + x)α(1 − x)βη(x).

��S�øHó<ö�ð³ö�ñ�ðK� W !9

S�ñ�ý<ô��%ü<ó<ñ�ñ
β2 = (m

2
)2,

α2 = (C + m
2
)2 (6)

@³ù�ó<ñ�óMø��%ð³ö�õ<ö�ü~ô��%ðÔþ�ý���ï�ðBÿ�ý�ý�S�ø'ó<ö�ð³ö�ñ
�Gþ
���
η(x)

{

(1 − x2)
d2

dx2
+ 2 [α− β − (α + β + 1)x]

d

dx
+ λ

}

η(x) = 0, (7)

λ = (α− β)2 − (α+ β) + L− (C +m)2. (8)
��S�øHó<ö�ð³ö�ñ�ðK�I��!­ñ�ÿ(ð³ðÁõ4S�ð	�ÁýE���
S�ö
��ðbS�ð���ð³ö�ñ��3õ<ü��Äþ�øÐñ�õ<ü����<ù@üÐõ<ü��>þ�ø�ú�ù@ü��>þ�øJ*-,���.

λ = l (l + 2β + 2α + 1), l = 0, 1, 2 ... (9)

ñO@Áõ<ñOS�ð���ð³ö�ñ���ð³ôÁõ��<
�ü��%ñ�ö�ü<ÿ3�G��ù@ü<î<ñ
η(x) = P

(2β, 2α)
l (x). (10)

g ò4��ZY!ÔúN���Y!ÔúN���Y!"
�ü���ý/û�øHð³ÿÕþ%óMø>S�ð���ð³ö�ñ��0�Kü<ôÁõHø����<ö
��ðäþ%óMø ö�ðäý¿þ%ü<ó��%ðÁõ<ó<ü�S��
��õ6ý<ô��%ü<ó<ñ
��
�ð	S�ð��
$Mü¿þ�ø ù3ô³÷�ð	S�ñ�û�ð³ô³ù�ñ�ÿ0÷�ý/ö�ù
��ñ���ÿ)

S�ñ

C → 0
!

α+ = C + m
2
, β+ = −m

2
,

P+
lm(x) = (1 + x)C+ m

2 (1 − x)−
m

2 P
(−m, 2C+m)
l (x),

L+ = l (l + 1) + C(2l + 1),

(11)

α− = −C − m
2
, β− = m

2
,

P−
lm(x) = (1 + x)−C−m

2 (1 − x)
m

2 P
(m,−2C−m)
l (x),

L− = l (l + 1) − C(2l + 1).

(12)
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�5&�n3üEB~ö�üb

��ðÔþ�
�ü��%üEB~ñ�õ���ú�û�õ<ü ó���î<ü��K��ð���ð³ö�ñ���ü�
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��øHó��%ð³ö�ñ�ð³ÿwó��"�%ðÁõHø û�øHôÁõ<ñ
�
��ú�õ�& ð�&�ý��³ü��j��øHô³ô³ð����ö�ñ��Iú�ö�ð�ò¿øHó<ñ�ô³ñ�õ~üHõ6ü���ñ�ð³ö�õ'ø���ñ�ñ�ü<ô³ñ3ô³ñ�ÿ(ÿ(ðÁõ���ñ�ñ�
�ü����5&

s øHù�õwô³÷�ð	��ñ�û�ðÁô³ù/ü��lô³ñ�ÿ(ÿ(ðÁõ���ñ�ñ\ù���øHô³ô³ñ�û�ð³ô³ù@ü��³ü)��øHô³ô³ð���ö�ñ��lû�ø'ôÁõ<ñ
�Iú�øxõHøHù�B ð|ö�ø��%ñ�û�ñ�ðô³ü�$���øHö��
��ï�ð	�³ü<ôA�Õü<î<ü<î'ï�ð³ö�ö�ü��³üvÿ(ü<ÿ(ð³ö�õ'ø�ñ�ÿ3
�ýE���<ôBø�û�øHôÁõ<ñ
�
�gó�
�ü��%ðK_���a?
�üHòBó<ü�����ðÔõ|ö�øHÿý@õ<ó<ð	�YBÐþ�ø'õ���ú%û�õ<ü6ù�óMøHö�õ<ü<óMø���ù/ø���õ<ñ�ö�ø<��øHô³ô³ð���ö�ñ��3ó;
�ü��%ðk_���a�õ'øHù�B ð�îHýBþ%ðÁõ~ü<î���ø�þ�ø'õ��6ô³÷�ð��
��ñ�û�ð³ô³ù@ü���ô³ñ�ÿ(ÿ(ðÁõ���ñ�ð��5&

'�ü<ô��%ðxó<ó<ðÔþ%ð³ö�ñ���XÁû�ð	��ð	
�ø��2�<ñ�$/XÁù@ü<ü��Mþ%ñ�ö�ø'õ�úU��øHôÁõE�
�³ñ�óMø���ï�ñ�$uü<î���øHôÁõ��0óHî��%ñ�òBñGñ
�
��ð	�ÁýY�
���
��ö�ü��kü<ô³ü<î<ü��võ<ü<û�ù�ñ

ξ ∼ ξ+
óJ��ø�þ%ñ�ø����<ö�ü<ÿ�ý���øHó<ö�ð³ö�ñ�ñ|þ%üJ
�ü���ý/î<ð³ô³ù@ü<ö�ð³û�ö�ü��³ü�ñ�ö�õ<ð	��óMø���ø

(−∞, 0]

ξ∗ = ξ +
ξ2
+

ξ+ − ξ−
ln (ξ − ξ+) − ξ2

−

ξ+ − ξ−
ln (ξ − ξ−), (13)

ξ+ =
G

2
+

√

G2

4
+ 1 > 0, ξ− =

G

2
−

√

G2

4
+ 1 < 0,

��ø�þ%ñ�ø����<ö�ü<ð�ý���øHó<ö�ð³ö�ñ�ðk

��ñ�ü<î���ðÁõ'øHðÁõ«ó<ñ/þ�ü¿þ%ö�ü<ÿ(ð	��ö�ü��³üÐý���øHó<ö�ð³ö�ñ��jh���ðÔþ%ñ�ö
�³ð���ø
d2χl

dξ2
∗

+
ξ2 −Gξ − 1

ξ2 + 1

[−Gξ3 − 5ξ2 + 2Gξ + 1

(ξ2 + 1)3
+

ξ2 + 1

ξ2 −Gξ − 1
γ2δ2 − δ2 − L

ξ2 + 1

]

χl = 0.

(14)'US�ñ
ξ∗ ∈ (−∞, 0]

ý�S�øHó<ö�ð³ö�ñ�ðK�`,��C!Ëò¿ø�
�ñ���ð³ÿ�ô��%ðÔþ�ý���ï�ñ�ÿ�ü<î�S�ø'òBü<ÿ
d2χl

dξ2
∗

+
[

k2
1 −W1(ξ)

]

χl = 0, (15)

�Äþ%ð�ü<î<üHòBö�ø¿û�ð³ö�ü
k1 = γδ,

W1(ξ) = ξ2−Gξ−1
ξ2+1

[

Gξ3+5ξ2−2Gξ−1
(ξ2+1)3

+ δ2 + L
ξ2+1

]

,
(16)

ø>

S�ñ
ξ∗ ∈ [0,∞)

ô��%ðÔþ�ý���ï ñ�ÿ�ü<î�S�ø'òBü<ÿ
d2χl

dξ2
∗

+
[

k2
2 −W2(ξ)

]

χl = 0, (17)

�Äþ%ð
k2 = δ

√

γ2 − 1,

W2(ξ) = ξ2−Gξ−1
ξ2+1

[

Gξ3+5ξ2−2Gξ−1
(ξ2+1)3

− δ2 Gξ+2
ξ2−Gξ−1

+ L
ξ2+1

]

.
(18)

o�ð	�³ù@ü6ó<ñ/þ%ðÁõ���ú%û�õ<ü
W2,1 → 0



S�ñ
ξ∗ → ±∞ &

t#���vü�

S�ðÔþ%ð��%ð³ö�ñ��2øHÿ3
��%ñ�õHý¿þ���S�øHô³ô³ð���ö�ñ��|ö�ð³ü<î�$@üBþ%ñ�ÿ(ü�òBö�ø'õ���÷�ø'ò���S�ø�þ%ñ�ø����<ö�ü��v÷�ý/ö�ù��
��ñ�ñ

χl(ξ∗)
ö�ø�î<ð³ô³ù@ü<ö�ð³û�ö�ü<ôÁõ<ñ/&
a�øHù~ù/øHùQS�ø�þ%ñ�ø����<ö�ü<ÿ�ýÐý�S�øHó<ö�ð³ö�ñ
�G

S�ñ/þ�øHö«ó<ñ/þ3üBþ%ö�ü<ÿ(ð	S�ö�ü��³üý�S�øHó<ö�ð³ö�ñ��ihfS�ðÔþ%ñ�ö
�Bð	S�ø�ú�õ<ü:S�ø�þ%ñ�ø����<ö�ý��8÷�ý/ö�ù
��ñ
� ��ð��%ð³ô³ü<ü<î�S�ø'òBö�üL

S�ðÔþ%ôÁõ'øHó<ñ�õ��hóxó<ñ/þ%ð

*-, W .
χl 1,2(ξ∗) = A1,2(ξ∗) [exp (i k1,2 ξ∗) +B1,2(ξ∗) exp (−i k1,2 ξ∗)] , (19)

W



�Äþ%ð
A(ξ∗)

RwøHÿ3
��%ñ�õHý¿þ%ö�ø��Iú:ø
B(ξ∗)
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