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1 Formalism of external forms and the matrix
treatment of Cartan’s structural equations of the
absolute parallelism geometry

Consider the differentials

d' = e¢’,, (1)
de'y = A%’ (2)
where ‘
et = elda’, (3)
A% = edet, = A%, da” (4)

are differential 1-forms of tetrad e® and connection of absolute parallelism A?,.
Differentiating the relationships (1), (2) externally [31], we have, respectively,

d(dl’l) — (d@a — e A Aac>eia — _Saeia’ (5)
d(de’)) = (dAY, — A°. A AP el = —SP ¢, (6)

Here S® denotes the 2-form of Cartanian torsion |31], and S - the 2-form of the
curvature tensor. The sign A signifies external product, e.g,

e N e = e’ — ebet. (7)

By definition, a space has a geometry of absolute parallelism, if the 2-form of Cartanian
torsion S¢ and the 2-form of the Riemann-Christoffel curvature S°, of this space vanishe

S =0, (8)
St =0. (9)
At the same time, these equalities are the integration conditions for the differentials
(1) and (2).
Equations
de® —e“ NA?, = -5, (10)
dAY, — A, NAY, = —SP (11)

which follow from (5) and (6), are Cartan’s structural equations for an appropriate
geometry. For the geometry of absolute parallelism hold the conditions (8) and (9),
therefore Cartan’s structural equations for A, geometry have the form

de® — e NA?, =0, (12)



dA", — A°, A AP = 0.

Considering (?77?), we will represent 1-form A% as the sum
A% =T% + T¢,
Substituting this relationship into (12) and noting that
e NA", =e"NT,
we get the first of Cartan’s structural equations for A, space.

de” — e NT, = 0.

Substituting (14) into (13) gives the second of Cartan’s equations for A, space.

R} +dT, — T, NT% =0,
where R% is the 2-form of the Riemann tensor
R =dI'") — T, AT..
By definition [31], we always have the relationships
dd(dz") =0,
dd(de’,) = 0.
In the geometry of absolute parallelism these equalities become

d(de® — e NT,) = R ;qe° N el Nel =0,

d(R% +dT% — TS AT%) = dR", + R\, AT — T, NR"; = 0.

Here
a o a a b
Repg = =21 a5y = 2T T )

(13)

(14)

(15)

(16)

(17)

(18)

(19)

Equalities (18) and (19) represent the first and second of Bianchi’s identities,
respectively, for A4 space. Dropping the indices, we can write Cartan’s structural equations

and Bianchi’s identities for the A4 geometry as

de—eNT =0, (A)
R+dT —-TAT=0, (B)
RAeNeNe=0, (C)
dR+RANT —TAR=0. (D)

Proposition 5.8. The matrix treatment of the first of Cartan’s structural equations

(A) of the Ay geometry has the form

V[keam} — eb[k’Tuib|m] =0.

(20)



Proof. Let us write equations (A) as
de* —e“ AT = 0. (21)
Further, by (3), we have
de” = d(e”,,dz™) = Ve, da™ A da™ = ;(Vke“m — Ve )da® A dz™
and, also,
AT = e T4 da* A da™ = ;(eka“bm —eb T4 )da® A da™.

Substituting these relationships into equations (21) we will derive the matrix equations
in the form

b
Viee' ) = €Ty = 0, (4)
where the matrixes e?,, and 79, in world indices ¢, j,m, ... are transformed as vectors
ox™
€am/ = Weam’ (22)
ax'm
abm’ = 6:1:7"' T%mv (23)
and in the matrix indices a, b, c, ... they are transformed as follows:
et =N, (24)
a’ ! ha b a Aa
we = N TNy + A% A% (25)

In relationships (24) and (25) the matrices 9z™ /Oz™ form a translation group T} that
is defined on a manifold of world coordinates z*. On the other hand, the matrices A%, form
a group of four-dimensional rotations O(3.1)

AY € 0(3.1),

defined on the manifold of "angular coordinates"e® ;. Actually, the tetrad e®; is a
mathematical image of an arbitrarily accelerated four-dimensional reference frame. Such a
frame has ten degrees of freedom: four translational ones connected with the motion of its
origin, and six angular ones describing variations of its orientation. The six independent
components of the tetrad e® ; represent six direction cosines of six independent angles
defining the orientation of the tetrad in space.

Proposition 5.9. The matrix rendering of the second of Cartan’s structuring
equations (B) of the A, geometry has the form

Ry + 2V Ty + 2T 3 Ty = 0 (26)

|b[m

Proof. We will expand the 2-form R%; as

1 1
RY = 92 o S Net = §Rabkmd$k A dz™. (27)



Further, we have
dT% = d(T4, dx™) = V, 7%, da* A da™ =
;(va‘gm — Vo 1% da* A dz™, (28)
and also
T ANTS =TT, da" A da™ =
= ;(T“CkTCbm — T, T%,)dz" A dz™. (29)
Let us substitute the relationships (29)—(31) into
YW +dTy =T NT = 0.
Simple transformations yield
;(R“bkm + VT4 = Vi T + T4 T — T T da™ A da™ = 0.
Since here the factor dz* A dz™ is arbitrary, we have
Ry + Vil = Vi T + T T — T T = 0,

C

which is equivalent to the equations (26).

Proposition 5.10. The matrix form of the Bianchi identity (D) of A, geometry is
Vil ykm) T Bom T Gein) = T o B o) = 0- (30)

Proof. The external differential dR®, in the identities (D) has the 2-form
1
dR% = EvnRabkmdac” Adz® A dx™ =
1
— 8(vnRab,m + VR, + ViR da™ A dx® A do™. (31)

bmn

In addition, we have
1
R, AT = §bekaafndmk Adz™ A da" =
_ 1 f Ta f T f T Vdak A de™ A da™
_é(Rbkm o T Ry L% + Ry T )da™ A dx™ A dz™, (32)
f a 1 f a n k m
. 1 f a f a f a dz™ A d k dr™

Substituting relationships (31)—(33) into the identity

AR + Ry AT — T AR =0



and considering that dz™ A d* A do™ is arbitrary, we get

V’fl‘Rabk:m + vaabkn + vk‘Rabmn + bekm afn + Rflkaa m +
+R Yk — 7%, “fhm — T ek — TR o = 0,

bmn
which is equivalent to the identity (30).
The first of Bianchi’s identities (C') of A4 geometry in indices of the group O(3.1) is
written as

Ra[bcd] =0, (34)
or, which is the same, as
Vi iy + 207 = 0. (35)

2 A4 geometry as a group manifold. Killing-Cartan
metric

The matrix representation of Cartan’s structural equations of the geometry of absolute
parallelism indicates that, in fact, this space behaves as a manifold, on which the
translations group T and the rotations group O(3.1) are specified. We will consider Ay
geometry as a group l0O-dimensional manifold formed by four translational coordinates
z; (i = 0,1,2,3) and six (by the relationship e%e/, = ;) angular coordinates e
(a = 0,1,2,3). Suppose that on this manifold a group of four-dimensional translations
Ty and a rotations group O(3.1) are defined. We then introduce the Hayashi invariant
derivative [32]

Vb = ekbak, (36)

whose components are generators of the translations group 7j that is specified on the
manifold of translational coordinates x;. If then we represent as a sum

ety = o +ahy, (37)

i k...=0,1,2,3, abec,...=0123,

then the field a®, can be viewed as the potential of the gauge field of the translations group
Ty |32]. In the case where a¥, = 0, the generators (36) coincide with the generators of the
translations group of the pseudo-Euclidean space FE .
We know already that in the coordinate index k the nonholonomic tetrad e*, transforms

as the vector ,

Ko @ ok

@ Qxk @
whence, by (37), we have the law of transformation for the field a®, relative to the

translationss y y
’ 337 827 ’
k n n k

We define the tetrad €', as A A
e =V, (39)



and write the commutational relationships for the generators (36) as
ViV = =3V, (40)

where —€);¢ are the structural functions for the translations group of the spaceA,. If then
we apply the operator (40) to the manifold x’, we will arrive at the structural equations
of the group T} of the space A, as

V[avb} zt = —Qé'gvcmi (41)

or ' ‘
Vie'y = ~ Q5 (42)

In this relationship the structural functions —€;; are defined as
—p = eciv[aeib]' (43)

It is seen from this equality that when the potentials of the gauge field of translations
group af in the relationship (37) vanish, so do the structural functions (43). Therefore, we
will refer to the field €27 as the gauge field of the translations group.

Considering that T, = —€2;f, we will rewrite the structural equations (43) as
V[keam} - eb[kTaib|m] =0. (44)

It is easily seen that the equations (44) can be derived by alternating the equations
(?77?). What is more, they coincide with the structural Cartan equations (A) of the geometry
of absolute parallelism.

The structural equations of group 7y, written as (43), can be regarded as a definition for
the torsion of space A,. So the torsion of space A4 coincides with the structural function of
the translations group of this space, such that the structural functions obey the generalized
Jacobi identity

Vi Qi + 205007 = 0, (45)

where %b is the covariant derivative with respect to the connection of absolute parallelism
Af.. Comparing the identity (45) with the Bianchi identity (35) of the geometry A4, we
see that we deal with the same identity. The Jacobi identity (5.108), which is obeyed by
the structural functions of the translations group of geometry Ay, coincides with the first
Bianchi identity of the geometry of absolute parallelism .

The vectors
e, = Var', (46)

a

that form the vector stratification [31] of the A, geometry, point along the tangents to
each point of the manifold z* of the pseudo-Euclidean plane with the metric tensor

Nay = 1 = diag(1, -1, —1, —1). (47)

Therefore, the ten-dimensional manifold (four translational coordinates z° and six
"rotational"coordinates ¢’,) of the geometry of absolute parallelism can be regarded as the
stratification with the coordinates of the base z* and the (anholonomic) "coordinates"of



the fibre €’,. If on the base x’ we have the translations group Ty, then in the fibre €', we
have the rotation group O(3.1). It follows from (46) that the infinitesimal translations in
the base z* in the direction @ are given by the vector

ds® = e dx’. (48)

If from (48) and the covariant vector ds, = e’ dx; we form the invariant convolution
ds?, we will obtain the Riemannian metric of A4 space

ds® = ggpdx'da” (49)

with the metric tensor
gik = N’

Therefore, the Riemannian metric (49) can be viewed as the metric defined on the
translations group Tj.

Since in the fibre we have the "angular coordinates"e’, that form a manifold in which
group O(3.1) is defined, then it would be natural to define the structural equations for
this group, as well as the metric specified on the group O(3.1).

Let us rewrite the relationships (??) and (?7?) in matrix form

T4, = €T e’y = Viehed,, (50)

a _ amqi L _ a i

These relationships enable the dependence between the infinitesimal rotation dy., =
—dxpa of the vector e at infinitesimal translations ds, to be established. In fact, by (50)
and (51), we have

dx®, = T4, dz* = De“jejb, (52)

dy, = T4 dx* = —e® Dé', . 53
b bk )

where D is the absolute differential [29] with respect to the Christoffel symbols T%,. Using
(52), we can form the invariant quadratic form dr? = dx%dx’, to arrive at the Killing-

Cartan metric ,
d7'2 = anbdea = T%)kaandxkdxn = _DeaiDeza (54)

with the metric tensor
Hkn = Tabk:Tban' (55)

Unlike metric (49), the metric (54) is specified on the rotations group O(3.1) that acts
on the manifold of the "rotational coordinates"e,.
Let us now introduce the covariant derivative

where T}, is the matrix 7'}, with discarded matrix indices. We will regard the components
of the derivative as generators of the rotations group O(3.1). Applying this operator to
the tetrad e’ that forms the manifold of "angular coordinates"of the A4 geometry, we will
arrive at

%m ei = vmei + Tmei = Oa (57)



hence A
T, = —eVne'. (58)

It is interesting to note that, just as in (46) we have defined six "angular coordinates"e’,
through the four translational coordinates z°, so in (5.121) we can define 24

"supercoordinates"T"}, =~ through the six coordinates e’,.

It follows from (57) that A A
Ve = =Tpe'. (59)

Recall that in the relationships (57)-(59) we have defined through V,, the covariant
derivative with respect to F;k We will now take the covariant derivative Vj of the
relationships (59)

ViVpme' = =Vi(Tne') = —(ViTme' + T, Vie') =
= —(ViTme' + Te'e;Vie').
Using (58), we will rewrite this expression as follows
ViVime' = —(ViTm — TTy)e".
Alternating this expression in the indices k and m gives
i1 i
V[kvm]e = ikaB s (60)
where
Rim = 2V Ty + (T, Ty (61)
Introducing in equations (61) the matrix indices (the fibre indices), we will obtain the
structural equation of the group O(3.1)
Ry = 2V Ty + 2T Ty - (B)

It is easily seen that the structural equations of the rotations group (B) coincide with the
second of Cartan’s structural equations (61) of the geometry Ay.
In this case the quantities 79, and R%,,, vary in the rotations group O(3.1) following
the law
U = NS TN + AT A, (62)

and appear as the potentials of the gauge field R%,, . of the rotations group O(3.1). In the
process, the gauge field of the group O(3.1) obeys the formula

Ralln’km = Aaa, RabkmAbb’ . (63)

Note that the structural functions of the rotations group of A; geometry are the
components of the curvature tensor R%,, . It can be shown that the structural functions
R% ... of the rotations group O(3.1) satisfy the Jacobi identity

Vi B em) + Bpem L o) — T o B epom) = 0, (D)

which, at it was shown in the previous section, are at the same time the second Bianchi
identities of the A4 space.



Let us introduce the dual Riemann tensor

*

L
Rijkm= 58 pkaijs;m (64)

where ¢, is the completely skew-symmetrical Levi-Chivita tensor. Then the equations
(D) can be written as

Vn j_k% abkn+ j:—i cbkaacn . Tclm ]*% ackn =0 (65)
or, if we drop the matrix indices, as

V, R4+ R T RF = 0. (66)

3 Structural equations of A; geometry in the form of
expanded, completely geometrized
Einstein-Yang-Mills set of equations

Einstein believed that one of the main problems of the unified field theory was the
geometrization of the energy-momentum tensor of matter on the right-hand side of his
equations. This problem can be solved if we use as the space of events the geometry of
absolute parallelism and the structural Cartan equations for this geometry.

In fact, folding the equations (B), written as

R i+ 2V Ty + 2L Ty = 0 (67)

in indices i and k, gives

Rjm = —2VTYy 0 — 215,15 (68)

IJIm] jlm]

If then we fold the equations (68) with the metric tensor ¢, we have
R = =2¢"" (VT + 275 Tjjpm)- (69)

Forming, using (68) and (69), the Einstein tensor

1
Gjm = ij - §gij7

we obtain the equations

1
ij - ig]mR = Virjma (70)

which are similar to Einstein’s equations, but with the geometrized right-hand side defined
as

2 % 7 5
Tim = = AV g + T ) —
1 n i % s
—§9jm9p (Vi g + T T ) (71)

Using the notation ' 4
P = (VT iy + T 55T 1my)

171m]



then, by (71), we have
2 1

Tjm = = (Pjm = 59im9"™" Bpn). (72)
Tensor (72) has parts that are both symmetrical and skew-symmetrical in indices j

and m, i.e.,
Tjm = Tjmy + Tijm)- (73)

The left-hand side of the equations (70) is always symmetrical in indices j and m,
therefore these equations can be written as

1
Rjm — §gij = VT(jm), (74)
1 )
where A
Ay =TI (76)

Relationship (75) can be taken to be the equations obeyed by the torsion fields Q]m’
which form the energy-momentum tensor (72).
In the case where the field T]’k is skew-symmetrical in all the three indices, we get

Tijk = —Tjik = Tjki = —Qiji. (77)
For such fields the equations (75) become simple, namely

The energy-momentum tensor (72) is symmetrical in indices j, m and appears to be
given by

.8 1 % s
By (74), we have
1 1

Ty = —~(Rjm — =gimPR). 80
J V(RJ 29] R) (80)

Using (68), (77) and (79) gives
Rjm = Q50,07 (81)
R = g™ Q7 = QI (82)

Substituting (81) and (82) into (80), we arrive at the energy-momentum tensor (79).
Through the field (77) we can define the pseudo-vector h,, as follows

Qijk — Eijkmhm, Qijk — gijk:mhmv (83)

where €;;i,, is the fully skew-symmetrical Levi-Chivita symbol.
In terms of the pseudo-vector h,, we can write the tensor (79) as follows

1 1



Substituting the relationships (83) into (78), we get
P j — hjm = 0. (85)
These equations have two solutions: the trivial one, where h,, = 0, and

hm = Q/J,m, (86)

where U is a pseudo-scalar.
Writing the energy-momentum tensor (85) in terms of this pseudo-scalar, we will have

1 1 ‘
Tjm = - (W %m = 595m¥")- (87)

Tensor (87) is the energy-momentum tensor of a pseudo-scalar field.
Let us now decompose the Riemann tensor R;ji,, into irreducible parts

1

Rijkm = Cijem + gipRn)j + 9jie Bmji + 3

where Cjjrn, is the Weyl tensor; the second and third terms are the traceless part of the
Ricci tensor Rj,, and R is its trace.
Using the equations (70), written as

1
Rom = v (Tin = 50T (89)

we will rewrite the relationship (88) as
1
Rijtm = Cijim + 2vgpTym) — gVTgi[mgk]ja (90)

where T is the tensor trace (72).
Now we introduce the tensor current

1
Jijkem = 290k Tjym) — ngi[mgkz]j (91)

and represent the tensor (90) as the sum
Rijkm = Cijkm + Vijkm. (92)
Substituting this relationship into the equations (67), we will arrive at

Cijm + QV[k:T\z‘j\m] + 2Tz‘s[sz\§-\m} = —vJijkm- (93)
Equations (93) are the Yang-Mills equations with a geometrized source, which is defined
by the relationship (91). In equations (93) for the Yang-Mills field we have the Weyl tensor
Cijkm, and the potentials of the Yang-Mills field are the Ricci rotation coefficients T;k
We now substitute the relationship (92) into the second Bianchi identities (D)
VinRyijikm) + B Llisin) — 1]

jln

Risjm) = 0. (94)



We thus arrive at the equations of motion
VilClijikm) + Cflm Diisn) — TjinClislim) = —VJnijkm (95)

for the Yang-Mills field Cjjxy,, such that the source Jy;jxn in them is given in terms of the
current (91) as follows:

Jnigem = Vindjijiem] + Jfkm Disin] = TjnLislom] - (96)

Using the geometrized Einstein equations (70) and the Yang-Mills equations (93), we

can represent the structural Cartan equations (A) and (B) as an extended set of Einstein-
Yang-Mills equations

V[ke?] + ,.Zj[i,j}eai = 0, (A)
Clim T 2V + 2T53 Ty = =V > (B-2)

in which the geometrized sources T}, and J;jm, are given by (72) and (91).
For the case of Einstein’s vacuum the equations (97) are much simpler

V[ke?} + ,Z_v[irj}eai = 07 (Z)
Ry = 0, (i4) (98)

The equations of motion (95) for the Yang-Mills field Cjjjn, will then become

VinClijkm) + ClgmLisin] — TjjnClistm) = 0. (99)

jlkm

Equations (A) and (B.2) can be written in matrix form

Vike ) — eb[kTﬁMm] =0, (A)
Com + 2V Ty + 2T Ty = =V i (B.2)
where the current
Ttm = 205" Toym] — ;)Tga[mgk]b; (100)
is given by
T = l(R“ 1g“mR), (B.1)

mT Nt m g
m=20,1,2,3, a=0,1,2,3.

By writing the equations (95) in matrix form, we have
V[nca\b\km] + ch[km a|c|n} o Cb[n a\a|km] = _y‘]anbknw (101)

where
g = Vi lm) + L bpm T e — Lo ey (102)

nbkm



Dropping the matrix indices in the matrix equations, we have

Vikem) — eplm =0, (A)
Ok;m + 2V[kTm] — [Tk,Tm] = —ijm, (BZ)
V. CF (O T = v gk, (D)

where the dual matrices 5’ n and j k are given by

% .

k k
C ™= "0y,
*

JE={V, T [Tk T (104)
For the Einstein vacuum we have
Rijim = Cijkm =Rijkm= Cijkm (105)

therefore the equations (B.2) and (D) become simpler

V,.CF"  [C* . T,,] = 0. (D)

Using the formalism of external differential forms, we can write the structural equations
(A) and (B.2) as follows:

de® — e’ AT =0, (A)
C% 4+ dT% — T NTS, = —vJ%, (B.2)
and the equations (D) as
dC*, + C* AT, — T, A C = —vN*, (D)
where
N = dJ% + J% AT, — T AT (106)

Thus, the structural equations of A4 geometry, written as (97), represent an extended
set of Einstein-Yang-Mills equations with the gauge translations group 7} defined on the
base z' with the structural equations (A), and with the gauge rotations group O(3.1),
defined in the fibre €', with the structural equations in the form of the geometrized
equations (B.1) and (B.2).

4 Equations of geodesics of A, spaces

The equations of geodesics for the geometry of absolute parallelism can be obtained
from the conditions of parallel vector displacement
_da!
ds

ui

(107)



with respect to the connection of A4 geometry
ALy =T+ Th =€ e (108)

In fact, we specialize the tetrad e’, so that the vector e, would coincide with the
tangent to the world line, i.e.,
h=u' = . 109
€o u ds ( )
From the relationships (5.27) for the vector (109) we have

Vil = u'y + Al =0 (110)
or 9
ut S .
Multiplying this by u* = dz*/ds gives

du’ i gk i ik

E%—F]—ku u” + Thu'u” =0 (112)
or, by (107),

d?x’ - da? da® - dxd dxF

ﬁ+r;kEE+T;kEE = 0. (113)
These four equations (i = 0,1,2,3) are the equations of geodesics of A, space. They are
also the equations of motion for the origin O of tetrad €’,. Since in the equations (113)
the Ricci rotation coefficients T]’k have both symmetrical and skew-symmetrical parts in
indices j and k

T} = Tho + T =

J (
=~ + g7 (955 + Qi) (114)
Ty = 9" (955 + 9us ), (115)
T =~ (116)

we can write the equations (113) as

Azt o da? dz® - dad dx
Y ——— 4+ T ——— =0. 117
ds? Rl ds ds Rt ds ds (117)

Considering the structure of the equality (115), we will write it in the form
T(ijk) = 9" (s, + Grs$ i) = 29" k) (118)
hence the equations of geodesics for A, space can be represented as

d*z LT da? dx* L 9gmQ) dz? dz*
ds? Ik ds ds I 5 mGR g5 s

For the terns in (118) we can introduce the following notation:

= 0. (119)

Oy = 0" ejrsr Y = 9" 00253

..S
Jjm> J



then the contorsion tensor T;k for space A4 will become

T;k = _lezc - kag + Q.ijka (120)
where ' '
= =D,
whence ' ' .

The covariant differential of an arbitrary vector v* with respect to the connection (108)
for parallel displacement from point z! to point z° + da’ becomes

ov' = dv' 4+ Al da? = 0. (122)

If at an arbitrary point 2% of A, space we have two linear elements dz’ and dz’ and
make a parallel translation of dz’ along the element dz?, then for the final point we will
have [30] o o

'+ dx' 4 ox' — A;kéxkdxj ="' +dz' + 2" + doz’. (123)

On the other hand, parallel translation of the vector dz’ along the vector dxz® gives

o'+ 6x' 4+ da’ — A;kdxkéxj = 2" + d2' + dz’ + ddx’. (124)
Subtracting from the relationships (123) the equality (124), we get
déx’ — 6da’ = — (AL b2 da? + Al datéal) =
— (A, — Azj)5xkdxj = —QAfjk](S:vkdxj =
= 20562  da? = —2Q;7007 da”. (125)

Let us now consider the variation of the integral

/abL(xi,ui)ds, (126)
where u' is given by the relationship (107). We will write (125) as
dda’ = dox’ + 25627 da*. (127)
Then at each point of the extremum we have

dzt d dz*

i = Lt o0
Ou' =67 = oo’ + 2007

(128)

Applying a common variational procedure to the integral (126), we get

/5L:Uu

/;( (2" + d2' u' + du') — (x’,u’))ds:

—/ <8:U’ +—5 )d = 0. (129)




Substituting here the relationship (128) gives

b . . o
/ <8L Ox" + oL i@xl + al]?ﬂj‘,@@ﬁﬁ) ds = 0.

oxt out ds out

We now integrate by parts the second term here to obtain

b (oL d 0L Jﬁik i
/a<c9xi_d58ui+29 .u)@x—o

* O
or, since Ox' is arbitrary, we arrive at [30]

d OL 0L 0L
— = o0k =0. 130
ds Out  Oxt R ou’ Y (130)

Let now
L = (gipu'uF)1/?, (131)
along the extremum L = 1 by the relationship
gikuiuk = uiui =1.
Substituting the Lagrangian (131) into equations (130) gives

du . .
gmiCTu + D u® + 2055 gguu? = 0. (132)
S

Multiplying this relationship by ¢'™, we get

du’ S 4 .
du + F}qu]uk + 2g1mgks§2;rfju]uk =0
s
or ,
du' i gk im ik
s + Ty’ u™ + 29" Qpyw’u” = 0. (133)

We have thus obtained, using the variational principle, the equations of the geodesics in
the form (119). Consider now the equations that describe the variation of the orientation
of the tetrad e’, as it moves according to the equations of the geodesics (133). We will
rewrite the equations (77) as

o', + Aékeja =0
or

de’, + A;kejadxk = 0. (134)
Dividing these equations by ds yields

det o dt
a iog
ds + A]ke * ds

= 0. (135)

Further, taking the second derivative d?e’,/ds?, we will have

d <deia> _d <8eiadxk> 9%, datda™ 9, dPat
)

= — . 136
ds \ ds ds \ OzF ds xmoxk ds ds + oxk ds? (136)



Since

0%et 0

a — _Az — Al 7
Oxmdxk 8xm( Aak) ‘jk,me o
_A;k(_Ajmeja) = (_A;k,m + A;kA;m)eja
and '
oet, d*xk i as drFdz™
= . —_— ¢
Oxk ds? JsTRm s ds W
we have 2o ok g
ela 7 [ s A s z "
ds? + (Ajk,m - AsIfAjm - AjsAkm>£Keja =0. (137)

Substituting here the sum (108), we have

d?et

<+ (F;kz,m + j?k7m - F;krjm - FlskT’]Sm -

d82 . . . .
% s i s dxk dz™
_FjsTkm - TyjsTkm)EKeja =0. (138)

Since independent equations (138) (for three Euler’s angles and three pseudo-Euclidean
angles) describe the variation of the orientation of tetrad e, as it moves from the origin
O according to the equations of geodesics (133).

In A, spaces, where the metric is flat

i = nix = diag(l — 1 —1—1), (139)
the Christoffel symbols I'';; vanish and the equations (138) become

d26ia % g ot i s d‘rk dz™
ds? + (ijk,m - Tsk,I’]m - jﬂ’jsTkm>7sie] = 07 (140)

and the equations of geodesics (112) will become

R - dad dxF
i [paaE———— 141
ds? + ds ds (141)

We now introduce the tensor of the four-dimensional angular velocity of rotation tetrads
e'a [33]

k
Q= ijkddxs = —d;;aeaj = d;;a % (142)
with the symmetry properties
Qij = =i, (143)
determined by the symmetry (??), for which the Ricci rotation coefficients hold.
Using (142), we will write the equations (141) and (140) as
Fot g d (144)

ds? | ids



dQ) - dak dz™ - dz;,
J Tz e —— ——— Tz _SQS TR
ds ik, ds ds s ds

The skew-symmetric matrix (143) can be represented as

= 0. (145)

0 QOl QUQ QO3
| 0 0 Qup (3
Y=y Q0 O (146)

Q39 Q31 Q30 0

Let us now give a physical interpretation of the components of the matrix (146). We
multiply the equations (144) by the mass m and rewrite them as

d’z; Lm0 dz? B
md32 Mg ds

0. (147)

If the condition (139) holds, there equations can be represented as

du; dax?
. Q. — =0, 148
mdso + ik ds, (148)
where '
ds, = (nipda’da®)*/? (149)
is the pseudo-Euclidean metric and w; = dz;/ds,.
We represent the equations (148) in the form
du; dx? dzF
=-—mTiip——), 150
mdso MaGk) ds, ds, (150)

where the part of T' symmetric in indices j and k is given by (115).
Assuming that motion governed by the equations (150) is nonrelativistic (v/c < 1),
we will write the three-dimensional part of these equations as

dug, dx® dz* dx? da*
= =T oy — 2Ty —— 151
" ds, T4 atok) ds, ds, ML a(sk) ds, ds, (151)
or, from the relationship (142), as
du dx® da”
© Qe — M 152
mn ds, m ds, M3 tag ds, (152)
Since in the nonrelativistic approximation
ds, = cdt, u, = U—a,
c
and dz, = cdt, the equations (152) can be written as
@ 200, — 2me, 5 - (153)
m— = —mc Qqo — 2mc*Qus———.
dt Pedt



It is known from classical mechanics that the nonrelativistic equations of motion of
the origin O of a three-dimensional accelerated reference frame under inertia forces alone

have the form [34]

d
a(mv) =m(—W + 2[vw]), (154)
where W is the vector of translational acceleration, and w is the vector of the three-
dimensional angular velocity of rotation of the accelerated reference frame.

We write these equations as

d dxP
%(mva) =m <—Wao + 2wa52> , (155)

where W = (Wig, Wag, W3),

0 —W3 W9
Waf = —Wga = — | w3 0 —w (156)
—Wo w1 0

W= (w1>w27w3)7

and comparing these with (154), we obtain

Wi Wy W3

QIO - 2 Q2O - 2 930 - 2
C C C

w3 o)) w1

QIQ - T QlS - 923 - T

C C C

Therefore, the matrix (146) in this case has the form

0 Wy =Wy, —W;

1 W, 0 —CW3  Cwy
$ij = 2| Wy cws 0 —cwy (157)
W3 —CWy CW1 0

It is seen from this matrix that the four-dimensional rotation of the tetrad e?,, caused
by the torsion of the A, spaces, gives rise in physics to inertia fields associated with
translational and rotational accelerations.



